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While regular flat bands are good for enhancing the density of states and hence the gap, they
are detrimental to the superfluid weight. We show that the predicted nontrivial topology of the
two lowest flat bands of twisted bilayer graphene plays an important role in the enhancement of the
superfluid weight and hence of superconductivity. We derive the superfluid weight (phase stiffness)
of the TBLG superconducting flat bands with a uniform pairing, and show that it can be expressed
as an integral of the Fubini-Study metric of the flat bands. This mirrors results [1] already obtained
for nonzero Chern number bands even though the TBLG flat bands have zero Chern number. We
further show the metric integral is lower bounded by the topological C2zT Wilson loop winding
number of the TBLG flat bands, which renders the superfluid weight has a topological lower bound
proportional to the pairing gap. In contrast, trivial flat bands have a zero superfluid weight. The
superfluid weight is crucial in determining the BKT transition temperature of the superconductor.
Based on the transition temperature measured in TBLG experiments, we estimate the topological
contribution of the superfluid weight in TBLG.
The recently discovered superconducting phase in
twisted bilayer graphene has received extensive atten-
tion [2–43]. The topology of the lowest two bands (per
spin and valley) of twisted bilayer graphene (TBLG) is
currently under debate [22, 26–28, 44]. Although theo-
retical models suggest a nontrivial topological number
of these bands, the experimentally measurable effects
through which one could prove or falsify the predicted
nontrivial topology are scarce. Currently, one viable
experimentally observable effect [45], predicts that the
single-particle magnetic field spectrum of a topologically
nontrivial band can cross the single-particle gap, in stark
contrast to conventional knowledge and to the in-field
spectrum of trivial bands. We here present another ef-
fect of a set of topologically nontrivial bands observable
at zero field (of the kind present in TBLG) that appears
when these bands become superconducting. We show
that the superfluid weight in the superconducting state
is the sum of two terms: a conventional term, which van-
ishes when the bands are perfectly flat, and a topological
term, bounded from below by the Wilson loop winding
number of the C2zT protected topology in TBLG.
This letter is organized as follows. First, we show that
by assuming perfectly flat bands and s wave pairing, the
superfluid weight can be written as the integral of Fubini-
Study metric over the Brillouin zone (BZ), and show that
it is lower-bounded by the Wilson loop winding. Sec-
ondly, by applying this result to TBLG, we estimate the
topological contribution of superfluid weight and explain
the relatively high transition temperature.
The two characterizing features of superconductors are
the zero DC resistance and Meissner effect. Both of these
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properties are captured by the celebrated London equa-
tion [46]. It tells us that the electric current in a su-
perconductor j is proportional to the gauge potential A
under Coulomb gauge:
ji = −[Ds]ijAj , (1)
in which the coefficient [Ds]ij is called the superfluid
weight and it is a tensor in general. Some spacial sym-
metry, such as C3z, requires it to be isotropic in 2D.
In some works, such as Ref. [47], it is called “phase
stiffness” (describing energy susceptibility with respect
to phase twists). The London equation has two kinds of
consequences. One is the perfect diamagnetism feature
of superconductor, and the other one is the frequency
dependence of AC conductance. In 2D, the superfluid
weight is also related with the transition temperature.
The phase coherence will disappear at a temperature
T = Tc given by
~2Ds(Tc)
e2kBTc
= 8pi (known as Berezinskii-
Kosterlitz-Thouless (BKT) transition [48, 49]), because
of the creation of vortex-antivortex pairs. Usually Ds(T )
decreases with increasing temperature, so the transition
temperature Tc is always lower than
pi~2Ds(0)
8e2kB
. Thus a
small Ds at zero temperature leads to a low transition
temperature.
Two methods, using a static magnetic field or an al-
ternating electric field, are used to measure the super-
fluid weight (phase stiffness) directly. In 3D, Ds can
be obtained by measuring the penetration depth λL =√
1/µ0Ds of a static magnetic field into the supercon-
ductor. This method, however, fails in 2D, as the pene-
tration depth is no longer a simple function of Ds. In-
stead, one can measure the AC conductance under an
alternating electric field of frequency ω. By taking time
derivative on both sides of Eq. (1), we obtain the fre-
quency dependent conductance, and it is inversely pro-
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2portional to the frequency as σ(ω) = iDsω . Therefore
the superfluid weight will be Ds = −iωσ(ω). In ex-
periments, σ(ω) can be measured by the time-domain
transmission spectroscopy without any contact with the
sample [50]. For example, at zero temperature, the stiff-
ness temperature of Bi2Sr2CaCu2O8+δ is measured to
be Tθ = 55 K, and the corresponding superfluid weight is
Ds = e
2kBTθ/~2 = 1.8×109 H−1 [47]. As another exam-
ple, the superfluid weight of MoGe thin film is measured
to be Ds = 5× 108 H−1 [51].
In Landau-Ginzburg (LG) theory of conventional su-
perconductivity, the superfluid weight is given by Ds ≈
e2ns/m
∗ in which m∗ is the band effective mass and
ns is the superfluid density [46, 52]. At zero temper-
ature, all the electrons have contribution to supercon-
ducting transport, which means ns(T = 0) is equal
to the total electron density, and ns(T ) usually decre-
ses with increasing temperature. If the band is exactly
flat, the band mass will become infinity, and the LG
theory tells us the superfluid weight can be zero even
when Cooper pairing happens. We use the Bistritzer-
MacDonald model to estimate the bandwidth and the
conventional contribution of superfluid weight in TBLG.
Around the magic angle, the flat band mostly lie in an
energy range |ε| < W ≈ 0.5 meV. Hence the effective
mass is approximately m∗ ≈ ~2K2M/2W , where KM is
the distance between Γ and K in Moire´ BZ. Thus the
conventional superfluid weight is [Ds]tri ≈ e2ns/m∗ ≈
2e2WN/~2ΩcK2M = 3
√
3e2WN/4pi2~2, where Ωc is the
area of the Moire´ unit cell, and N is the number of elec-
trons per Moire´ unit cell. Here we assume that the super-
fluid density is given by the total electron density, which
is the upper limit of ns. If we consider the case with fill-
ing ν = 1/4 or equivalently N = 2, the value of superfluid
weight will be [Ds]tri ≈ 5×107 H−1, and the correspond-
ing BKT transition temperature will not be higher than
0.6 K. However, LG theory is valid only when the band
is trivial, as the spreading of its Wannier function has a
nonzero lower bound, therefore the estimation based on
LG theory in this paragraph is not enough [1, 53, 54]. As
a result, we show that even in the exactly flat band limit,
the Cooper pairing may acquire nonlocal phase correla-
tions and thus a nonzero superfluid weight, which - as we
show - gives rise to a higher transition temperature.
To obtain the contribution of nontrivial band topol-
ogy to the superfluid weight, we consider a mean-field
Bogoliubov-de-Gennes (BdG) Hamiltonian of a super-
conductor:
HBdG =
1
2
∑
k
Ψ†k
( H(k)− µ ∆(k)
∆†(k) −H∗(−k) + µ
)
Ψk
+
1
2
∑
k
Tr (H(k)− µ) . (2)
We use Ω0 to denote the ground state energy of HBdG,
which is also the free energy at zero temperature. We
substitute k→ k−eA by Peierls substitution [55] when a
non-zero uniform gauge potential A is turned on, and the
free energy becomes a function ofA. We can then expand
Ω(A) to the second order of Ai and obtain Ω(A) ≈ Ω0 +
1
2V [Ds]ijAiAj , where V is the area of the sample, and the
second order coefficient [Ds]ij is the superfluid weight.
The first order derivative ∂AΩ(A) gives us the electric
current, which agrees with the London equation shown
in Eq. (1).
The free energy Ω(A) and thus the superfluid weight
can be derived from the BdG Hamiltonian. The gen-
eral expression of the superfluid weight is the summa-
tion of three terms given by Eqs. (S18), (S19) and (S28)
in the supplementary material (SM) Sec. II. The first
term in Eq. (S18) corresponds to the Landau-Ginzburg
contribution, while Eqs. (S19) and (S28) are additional
contributions due to the k dependence of the flat band
Bloch wave functions. When the bands are flat, the con-
ventional contribution vanishes, but the wave function
contributions Eqs. (S19) and (S28) can be nonzero, and
are related to the band topology as we show below.
Before we start our discussion about TBLG, we briefly
review the superconductivity in the spin Chern insulator
with exactly flat bands studied in Ref. [1]. In this model,
H(k) has both spinful time reversal symmetry and sz
conservation, which allows one to define a spin Chern
number C. The order parameter ∆(k) = isy∆ (in which
sy is the y direction spin Pauli matrix) is momentum
independent, and one can show that the superfluid weight
given by sum of Eqs. (S18), (S19) and (S28) can be
reduced to the following integral in the BZ:
[Ds]ij =
8e2∆
~2
√
ν(1− ν)
∫
d2k
(2pi)2
gij(k) , (3)
where ν is the filling ratio of the spinful flat bands,
and gij(k) is the Fubini-Study metric evaluated from the
Bloch wave function of the spin ↑ flat band:
gij(k) =
1
2
(
∂kiu
†(k)∂kju(k) + ∂kju
†(k)∂kiu(k)
)
+ u†(k)∂kiu(k)u
†(k)∂kju(k) , (4)
where u(k) is the Bloch wave function at momentum k
of the spin up flat band. This result is derived in the
exact flat band limit, so the contribution from the band
dispersion (Eq. (S18)) disappears. Thus we discover that
LG theory prediction of superfluid weight is not enough
even when the flat band is trivial, because we have models
which has trivial bands and k dependent wave function
u(k), such as the “topological” phase of SSH model [56].
A nonzero spin Chern number further gives a nonzero
lower bound of the Fubini-Study metric, which will be
discussed in the following paragraph.
The Fubini-Study metric defines a distance on the BZ
torus: two momentum points are close to each other if
their wave functions have a large overlap [57]. The in-
tegral of tr g = gxx + gyy also corresponds to the gauge
invariant part of the “Wannier function localization func-
3tional”, or the spread functional, which has been stud-
ied in detail in previous research [58, 59]. The metric
is also related to Berry curvature through the quan-
tum geometric tensor defined by Gij = ∂kiu
†(k)(1 −
u(k)u†(k))∂kju(k). The real part of Gij is the metric
gij and the imaginary part is the Berry curvature. One
of the most important properties of Gij is its positive
definiteness. It can be shown that for arbitrary com-
plex vectors {ci}, the inequality
∑
ij c
†
iGijcj ≥ 0 always
holds [60]. If we choose cx = 1 and cy = i, we will find
tr g = gxx + gyy ≥ −Fxy; similarly we choose cx = 1 and
cy = −i, and we will obtain tr g ≥ Fxy. Therefore we
prove that the metric is bounded by the absolute value
of curvature tr g ≥ |Fxy|. From the expression of Ds
one can easily notice trDs is bounded by the spin Chern
number C. More details of the quantum metric is dis-
cussed in supplementary material Sec. IV. In TBLG, the
(spin) Chern number is zero, and the system is multi-
band, likely with more complicated pairing symmetry.
Hence a new bound/limit (if any exists) for the super-
fluid weight must be obtained.
We first generalize the result of Ref. [1] to multi-band
systems with a more realistic pairing. The free fermion
Hamiltonian H(k) is assumed to be invariant under spin-
ful time reversal transformation, which is represented by
T = UTK, where UT is a real unitary matrix and K is
complex conjugation operator. We do not (any longer)
assume momentum independent pairing. H(k) is diag-
onalized by U(k) as εk = U
†(k)H(k)U(k) where εk is
a diagonal matrix, and we assume that it has NF flat
bands at same energy. We also assume the band gap
between these flat bands and any other bands is larger
than the bandwidth of flat bands, and the interaction be-
tween the electrons. In the following discussion we use a
time reversal symmetric pairing between Kramers pairs
as follows:
∆(k) =
[
∆1U˜kU˜
†
k + ∆2
(
1− U˜kU˜†k
)]
UT , (5)
in which ∆1,2 ∈ R because of time reversal symmetry.
Here U˜k = (u1(k), u2(k), · · · , uNF (k)) is the projection
of U(k) into these NF flat bands and ui(k) are the eigen-
vectors of matrix H(k). This ansatz implies that s wave
pairing happens between Kramers pairs and the pairing
strength in the flat bands and in all other bands are given
by ∆1 and ∆2, respectively. Therefore we have the fol-
lowing three important assumptions in total: 1) the free
fermion Hamiltonian with time reversal symmetry has
NF flat bands at the same energy near the Fermi level;
2) there is a large band gap between flat bands and other
bands; 3) the pairing order parameter satisfies Eq. (5).
Because of this large band gap between flat bands and
other bands, we can project the BdG Hamiltonian into
the flat bands of the free fermion model and then derive
the superfluid weight. The result is given by
[Ds]ij =
2e2|∆1|
~2
(
1 +
∆2
∆1
)√
ν(1− ν)
∫
d2k
(2pi)2
gij(k)
(6)
gij(k) =Tr
[
1
2
(
∂kiU˜
†
k∂kj U˜k + ∂kj U˜
†
k∂kiU˜k
)
+
(
U˜†k∂kiU˜kU˜
†
k∂kj U˜k
)]
, (7)
in which Tr(X) =
∑NF
n=1(Xnn) stands for the trace over
all the flat band indices. Eq. (7) is the the generalization
of Fubini-Study metric in Eq. (4) to multi-band systems,
which is still positive definite [61]. The result in Eq. (3)
derived in Ref. [1] is a special case of our result in Eq.
(6) when the time reversal transformation is represented
by UT = isy, the spin z component is conserved, and
∆ = ∆1 = ∆2.
We also notice that if we assume ∆2∆1 ≤ −1, the super-
fluid weight will become zero, or even a negative number.
A negative superfluid weight is unphysical, denoting that
the BCS wave function of such a pairing is not a sta-
ble ground state. This also indicates that if there is no
constraint on the order parameter ∆(k), the superfluid
weight will not be bounded. However we expect a weaker
pairing strength in the bands which are farther away from
the Fermi level, or |∆2| < |∆1|. If the pairing in higher
bands are much stronger than pairing in the flat bands -
a physically impossible situation -, our projection of the
BdG Hamiltonian into the flat bands may also become
invalid. Hence we later set ∆2 = 0 in order to estimate
the topological contribution of Ds.
Now we apply Eq. (6) to TBLG, and show that the
fragile topology of TBLG flat bands yields a finite lower
bound of the superfluid weight although it has zero spin
Chern number. The Bistritzer-MacDonald (BM) model
[3] has C2zT , C2x and C3z symmetries, in which T stands
for the spinless time reversal transformation. If all the
spins and valleys are considered here, we will have well-
defined time reversal symmetry, although BM model it-
self does not. The C2zT symmetry is crucial for the flat
bands’ topology [22, 26, 28, 44]. Because of this symme-
try, the two eigenvalues of the non-Abelian Wilson loop
have to be complex conjugation to each other [26, 28].
A winding number can be defined by Wilson loop eigen-
values. C2zT symmetry gives a constraint not only to
the Wilson loop but also to the Berry connection and
Berry curvature. It can be shown [26, 28] that the non-
Abelian Berry connection and curvature of the two flat
bands can always be written as A(k) = −a(k)σ2 and
Fxy(k) = −fxy(k)σ2 under a proper local gauge choice
on a patch in the Brillouin zone (although a global gauge
choice which satisfies this condition might not exist [62].)
In SM Sec. V, we prove that the Wilson loop winding
number [26], or the “Euler class” in Ref. [28] denoted by
e2, of the two topological bands, which is an integer (if
there are more than two bands, the topological classifi-
4cation will be Z2 instead of Z), is given by the integral of
fxy over the whole BZ (with Dirac points removed from
the integral area):
e2 =
1
2pi
∫
d2k fxy . (8)
The wave function of the two flat bands in TBLG (per
spin per valley - which are good quantum numbers
for small twist angles) also can be used to define the
positive-definite non-Abelian quantum geometric tensor
Gij (which is a 2× 2 complex matrix) and Fubini-Study
metric gij =
1
2Tr (Gij +G
†
ij). For arbitrary complex vec-
tors ci ∈ C2, the inequality
∑
ij c
†
iGijcj ≥ 0 always holds
[63]. By choosing vectors cx and cy properly [64], we find
that the metric is bounded by the “Abelian part” fxy of
the non-Abelian Berry curvature Fxy: tr g ≥ 2|fxy|. The
derivation of band topology and metric of the TBLG can
be found in SM Sec. V.
In small angle TBLG, all bands are 4-fold degener-
ate with respect to spin ↑, ↓ and with respect to origi-
nal graphene valley K, K ′. The order parameter ansatz
in Eq. (5) corresponds to the pairing between opposite
spins and valleys, because time reversal transformation
in TBLG will flip both spin ↑, ↓ and valley K,K ′. If we
assume no pairing in higher bands (∆1 = ∆,∆2 = 0),
which is physically reasonable, the superfluid weight in
the exact flat band limit will be the same as the ex-
pression shown in Eq. (3). However, both the pair-
ing strength and metric have different meanings. gij(k)
stands for the Fubini-Study metric derived from the wave
functions of two flat bands (of with spin ↑ and valley K,
all other degenerate spin and valley bands have identi-
cal contribution to the superfluid weight). Also ∆1 is
no longer the pairing strength in all the bands but only
in these flat bands. Because of the two band winding
number protected by C2zT symmetry, we have a new
lower bound. The inequality tr g > 2|fxy| naturally leads
to the lower bound of the trace of the superfluid weight
trDs ≥ 8e2∆1pi~2
√
ν(1− ν) even though the (spin) Chern
number here vanishes. Here we used the fact that the
winding number of TBLG flat bands is e2 = 1. As we
mentioned earlier, C3z symmetry requires the superfluid
weight tensor to be isotropic, therefore Ds =
1
2 tr [Ds]ij .
Then we can use the following equation to estimate the
topological contribution of Ds:
Ds ≈ 4e
2∆1
pi~2
√
ν(1− ν)|e2|. (9)
From this equation, we find that a nonzero superfluid
weight is possible even when the bands are exactly flat,
as long as Cooper pairing gap is developed (∆1 6= 0). The
parameter ∆1 can be estimated from the measured Tc.
The filling ratio ν is determined by the carrier density.
Below we use experimental data to estimate the value of
superfluid weight at zero temperature.
For flat bands with attractive interaction between
Kramers pairs, the mean field BCS wave function is a
good approximation to the ground state (SM Sec. VIII).
To see this, we can perform a partial particle-hole trans-
formation ck,↑ → ck ↑ , ck↓ → c†−k↓, under which the at-
tractive interaction becomes repulsive, and the BCS wave
function becomes a ferromagnetic state. Since repulsive
interaction favors ferromagnetic state according to the
Hund’s rule, we conclude that BCS wave function de-
scribes the ground state well.
As previously mentioned, in 2D superconductors, the
transition temperature Tc measured in experiment is
the Berezinskii-Kosterlitz-Thouless temperature (when
phase coherence disappears) instead of the BCS mean
field transition temperature T ∗c ≈ ∆1/2kB (when Cooper
pairing vanishes). The BKT transition temperature is
given by the universal relation ~
2Ds(Tc)
e2kBTc
= 8pi [49], and
it is generically lower than the BCS mean field transi-
tion temperature T ∗c . To derive the BKT temperature of
TBLG in the flat band limit, we can generalize the topo-
logical superfluid weight expression in Eq. (9) to finite
temperatures, which however has no simple analytical
expression. By assuming ∆1(T ) ≈ 2kBT ∗c (1 − T/T ∗c )1/2
[46], we can numerically calculate the temperature de-
pendence of the superfluid weight. As an example, we
have plotted Ds in FIG. 1 as a function of Tc/T
∗
c for fill-
ing ratio ν = 1/4 (2 electrons per Moire´ unit cell), from
which we find Tc/T
∗
c = 0.35. See SM Sec. VII for more
detailed calculations.
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FIG. 1. The gap function ∆1(T ) and superfluid weight Ds(T ).
In the flat band limit the BKT temperature is Tc ≈ 0.35T ∗c
when ν = 1/4.
We now estimate the TBLG topological superfluid
weight Ds at zero temperature. When the bandwidth
is small (zero), one expects the superfluid weight to be
dominated by the band topology contribution. The ex-
perimental transition temperature [4, 5] is Tc = 1.5 K,
thus the order parameter can be estimated to be ∆1 =
2kBT
∗
c ≈ 0.74 meV. By using ν = 1/4, the topolog-
ical superfluid weight is [Ds]top ≈ 4e2∆1pi~2
√
ν(1− ν) ≈
1.5× 108 H−1. One notices that this is an order of mag-
nitude smaller than the superfluid weight in conventional
materials, such as BSCCO and MoGe [65, 66]. However
in both cuprates and MoGe thin films, the typical carrier
5density is around n ≈ 1014 cm−2 [67] two orders of mag-
nitude larger than that in TBLG (where n ≈ 1012 cm−2),
hence such a superfluid weight is already large for TBLG.
Moving away from completely flat bands, we find that
the conventional term in the superfluid weight mostly de-
pends on the bandwidth W , while the topological term
mostly depends on the pairing order parameter ∆1 (or
the transition temperature Tc). In TBLG, the bandwidth
W and the transition temperature Tc have a similar mag-
nitude, and we expect the topological term to have an im-
portant contribution. In the strong pairing limit where
∆ > W , the superfluid weight will be underestimated if
by only the conventional contribution [34].
Recently, superconductivity has been observed in
other Moire´ systems, including twisted double bilayer
graphene, and multilayer graphene/boron nitride het-
erostructure [68–76]. In these systems, a displacement
electric field is necessary for superconductivity. This
yields gapped flat bands with a nonzero valley Chern
number [68, 73]. The Chern number can be larger than
one, which could lead to a larger topological lower bound
of superfluid weight. In twisted multilayer graphene, the
bandwidth of flat bands is even smaller than that in
TBLG. A higher transition temperature (larger ∆) was
also observed [74, 75]. We expect the topological lower
bound plays a significant role in the superfluid weight of
these systems. Moreover, multi-layer systems with C2zT
symmetry can realize larger Euler e2 invariants (higher
Wilson loop windings), hence increasing the superfluid
weight.
In summary, we proved that fragile topology can yield
a nonzero superfluid weight (phase stiffness) of a su-
perconductor even when the bands are exactly flat. In
TBLG, by assuming exact flat bands and uniform s wave
pairing, the superfluid weight can be written as the inte-
gral of Fubini-Study metric, which is bounded by the Wil-
son loop winding number of the two flat bands of TBLG.
Based on the continuum model and the superconducting
transition temperature measured in TBLG experiments,
we estimated the magnitude of the superfluid weight in
TBLG, and show that the topological contribution may
play a significant role. The same argument can be ap-
plied to other Moire´ superlattices with flat bands and
non-trivial band topology. This shows that topological
bands can have Tc much higher than their band widths.
We also note that our lower bound is consistent with the
upper bound studied in Ref. [77]. For topological flat
bands, the upper bound in Ref. [77] is around the energy
gap Eg between the flat bands and other bands, while
our lower bound is proportional to the order parameter
∆, which is derived under the assumption that |∆|  Eg.
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8SUPPLEMENTARY MATERIAL
The supplementary material sections are organized as follows:
• Sec. I: MEAN FIELD THEORY, BOGOLIUBOV QUASIPARTICLES, AND THE ZERO TEMPERATURE
GRAND POTENTIAL
• Sec. II: SUPERFLUID WEIGHT UNDER MEAN-FIELD APPROXIMATION
• Sec. III: SUPERFLUID WEIGHT WITHIN FLAT BANDS AND RELATION TO THE QUANTUM METRIC
• Sec. IV: QUANTUM GEOMETRIC TENSOR, FUBINI-STUDY METRIC AND BERRY CURVATURE:
LOWER BOUNDS
• Sec. V: BOUNDS ON THE QUANTUM METRIC FOR DIFFERENT SYSTEMS: SSH CHAIN, CHERN
INSULATOR, AND C2zT FRAGILE TOPOLOGY
• Sec. VI: SUPERCONDUCTIVITY IN TBLG
• Sec. VII: FINITE TEMPERATURE STUDY AND BEREZINSKII-KOSTERLITZ-THOULESS TRANSITION
• Sec. VIII: THE VALIDITY OF BCS WAVE FUNCTION IN THE FLAT BAND LIMIT
In the case without specification, we set ~ = e = kB = 1 in supplementary material for convenience.
I. MEAN FIELD THEORY, BOGOLIUBOV QUASIPARTICLES AND THE ZERO TEMPERATURE
FREE ENERGY
In this section, we review the BdG mean field Hamiltonian of a superconductor in the presence of an external gauge
field. Before we consider the interaction between electrons, we write down the free fermion Hamiltonian:
H0 =
∑
k
ψ†kαHαβ(k)ψkβ , (S1)
where ψk is a spinor with NB components labeled by α. Here α can stand for the local orbitals in tight binding models,
or reciprocal lattices in continuum models, such as the Q lattice in TBLG [3, 26]. The spin index has also been included
in α. The Bloch Hamiltonian H(k) can be diagonalized by a unitary matrix U(k) as εk = U†(k)H(k)U(k). If a time
dependent uniform gauge field q = eA - which corresponds to a uniform electric field -, is applied, we can obtain the
Hamiltonian with Peierls substitution by shifting k to k− q:
H0(q) =
∑
k
ψ†kαHαβ(k− q)ψkβ . (S2)
The attractive interaction between the electrons leads to pairing terms such as ψ†ψ† appear in the Hamiltonian
under mean-field approximation. We consider the case without FFLO order, hence only the pairing between electrons
with momentum k and −k exists. In general, the pairing term takes the form:
Hpair =
1
2
∑
k
(
∆αβ(k)ψ
†
kαψ
†
−kβ + h.c.
)
, (S3)
where ∆(k) = −∆T(−k) because of particle hole redundancy. Since we have used Peierls substitution, the effect of
gauge field has been included in kinetic term, and the pairing term will not depend on q. The Hamiltonian can be
9written as a bilinear form of a Nambu spinor Ψk =
(
ψk1, ψk2, · · · , ψ†−k1, ψ†−k2, · · ·
)T
:
HMF(q) =
∑
kαβ
[Hαβ(k− q)− µδαβ ]ψ†kαψkβ +
1
2
∑
kαβ
(
∆αβ(k)ψ
†
kαψ
†
−kβ + h.c.
)
=
∑
kαβ
[Hαβ(k− q)− µδαβ ] 1
2
(
ψ†kαψkβ − ψkβψ†kα + δαβ
)
+
1
2
∑
kαβ
(
∆αβ(k)ψ
†
kαψ
†
−kβ + h.c.
)
=
1
2
∑
kαβ
[Hαβ(k− q)− µδαβ ]ψ†kαψkβ −
1
2
∑
kαβ
[Hαβ(−k− q)− µδαβ ]ψ−kβψ†−kα
+
1
2
∑
kαβ
δαβ [Hαβ(k− q)− µδαβ ] + 1
2
∑
kαβ
(
∆αβ(k)ψ
†
kαψ
†
−kβ + h.c.
)
=
1
2
∑
k
Ψ†k
( H(k− q)− µ ∆(k)
∆†(k) −HT(−k− q) + µ
)
Ψk +
1
2
∑
k
Tr (H(k− q)− µ) . (S4)
If the free fermion Hamiltonian can be diagonalized by matrix U(k) as εk = U
†(k)H(k)U(k) where εk is a diagonal
matrix, we will be able to use it to diagonalize the diagonal blocks of Eq. (S4):
HMF(q) =
1
2
∑
k
d†k
(
εk−q − µ U†(k− q)∆(k)U∗(−k− q)
UT(−k− q)∆†(k)U(k− q) −ε−k−q + µ
)
dk +
1
2
∑
k
Tr (εk−q − µ)
=
1
2
∑
k
d†kHk(q)dk +
1
2
∑
k
Tr (εk−q − µ) (S5)
Hk(q) =
(
εk−q − µ U†(k− q)∆(k)U∗(−k− q)
UT(−k− q)∆†(k)U(k− q) −ε−k−q + µ
)
, (S6)
dk =
(
U†(k− q)
UT(−k− q)
)
Ψk ,
By diagonalizing the Bogoliubov-de-Gennes Hamiltonian Hk(q), the quasiparticle spectrum of the superconductor
can be obtained. Assume the matrix Hk(q) is diagonalized by unitary matrix Wk(q), we will have the following
equation:
Ek(q) = W
†
k(q)Hk(q)Wk(q) , (S7)
where Ek(q) is a diagonal matrix and its eigenvalues Ekn(q) give us the quasiparticle spectrum. When q = 0, the
matrix W (0) is the Bogoliubov quasiparticle coefficients:
Wk(0) =
( Uk Vk
V∗−k U∗−k
)
, (S8)
and because of the unitarity of matrix Wk(0), the blocks satisfy UkU†k + VkV†k = 1, UkVT−k + VkUT−k = 0. These
matrices will be helpful for us to simplify the expression of superfluid weight later. At zero temperature, the free
energy is given by the summation of all the negative eigenvalues of Hk(q) at every momentum k in the BZ. More
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precisely, the free energy at zero temperature can be expressed as
Ω(q) =
1
2
∑
k,Ekn(q)<0
Ekn(q) +
1
2
∑
k
Tr (εk−q − µ)
=
1
4
∑
k
 ∑
Ekn(q)<0
Ekn(q) +
∑
Ekn(q)>0
Ekn(q) +
∑
Ekn(q)<0
Ekn(q)−
∑
Ekn(q)>0
Ekn(q)
+ 1
2
∑
k
Tr (εk−q − µ)
=
1
4
∑
k,n
Ekn(q)− 1
4
∑
k,n
|Ekn(q)|+ 1
2
∑
k
Tr (εk−q − µ)
=
1
4
∑
k
TrHk(q)− 1
4
∑
k,n
|Ekn(q)|+ 1
2
∑
k
Tr (εk−q − µ)
=
1
4
(∑
k
Tr (εk−q − µ)−
∑
k
Tr (ε−k−q − µ)
)
− 1
4
∑
k,n
|Ekn(q)|+ 1
2
∑
k
Tr (εk−q − µ)
= −1
4
∑
k,n
|Ekn(q)|+ 1
2
∑
k
Tr (εk−q − µ) , (S9)
where Tr(· · · ) represents the trace over the energy bands. Because of the particle hole redundancy, the eigenvalues
of matrix Hk(0) are related with each other by Ek(NB+n)(0) = −E−kn(0) < 0 when 1 ≤ n ≤ NB in which NB is the
number of free electron bands.
II. SUPERFLUID WEIGHT UNDER MEAN-FIELD APPROXIMATION
For completeness, we reproduce the derivation of the superfluid weight. Our procedure is extremely similar to the
derivation in Ref. [1]. For simplicity, the off-diagonal block of Hk(q) is denoted by Dk(q):
Dk(q) = U†(k− q)∆(k)U∗(−k− q) , (S10)
where U(k) is the unitary matrix which diagonalize the original noninteracting Hamiltonian. Ds is defined to be the
second order expansion coefficients of free energy, so it can be expressed as the second order derivative of Ω(q):
[Ds]ij =
1
V
∂2Ω(q)
∂qi∂qj
∣∣∣
q=0
= − 1
4V
∑
kn
sgn(Ekn(q))∂qi∂qjEkn(q)]
∣∣∣
q=0
+
1
2V
∑
k
Tr ∂ki∂kjεk . (S11)
The first order derivative of the quasiparticle energy Ekn(q) is given by:
∂qiEkn(q) =
∑
α,β
∂qi (W
∗
k (q)α,nHk(q)α,βWk(q)β,n)
=
∑
α,β
W ∗k (q)α,n∂qiHk(q)α,βWk(q)β,n =
[
W †k(q)∂qiHk(q)Wk(q)
]
n,n
, (S12)
here we use Feynman-Hellman theorem to derive the second equality. Further we take the second order derivative of
Eq. (S12), and it becomes:
∂qi∂qjEkn(q) = [W
†
k(q)∂qi∂qjHk(q)Wk(q)]n,n + [∂qiW
†
k(q)∂qjHk(q)Wk(q)]n,n + [W
†
k(q)∂qjHk(q)∂qiWk(q)]n,n .
(S13)
This expression can be further simplified. Suppose Wk(q)α,n is the n-th eigenvector of matrix Hk(q)α,β where q is
a parameter, then by definition we have
∑
βHk(q)α,βWk(q)β,n = Ekn(q)Wk(q)α,n. Because Hk(q) is a hermitian
matrix, we will have the following equation when n 6= m:∑
αβ
W ∗k (q)α,nHk(q)α,βWk(q)β,m = 0 .
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Now we take derivative ∂qi on both sides of this equation, and we obtain (for n 6= m)
0 =
∑
αβ
(
W ∗k (q)α,n∂qiHk(q)α,βWk(q)β,m + ∂qiW
∗
k (q)α,nHk(q)α,βWk(q)β,m +W
∗
k (q)α,nHk(q)α,β∂qiWk(q)β,m
)
=
∑
αβ
W ∗k (q)α,n∂qiHk(q)α,βWk(q)β,m +
∑
α
(
Ekm(q)∂qiW
∗
k (q)α,mWk(q)α,n + Ekn(q)W
∗
k (q)α,m∂qiWk(q)α,n
)
=
∑
αβ
W ∗k (q)α,n∂qiHk(q)α,βWk(q)β,m + (Ekm(q)− Ekn(q))
∑
α
W ∗k (q)α,m∂qiWk(q)α,n ,
The unitarity of Wk(q) is used in the third equality. This result can also be written as∑
α
W ∗k (q)α,n∂qiWk(q)α,m =
∑
αβW
∗
k (q)α,n∂qiHk(q)α,βWk(q)β,n
Ekm(q)− Ekn(q) ,
or equivalently
[W †k(q)∂qiWk(q)]n,m =
[W †k(q)∂qiHk(q)Wk(q)]n,m
Ekm(q)− Ekn(q) .
This theorem (which is nothing else than the classic expression of the non-abelian Berry phase in terms of a sum over
eigenstates) can be used to simplify the second and third terms in Eq. (S13):
[∂qiW
†
k(q)∂qjHk(q)Wk(q)]n,n + [W
†
k(q)∂qjHk(q)∂qiWk(q)]n,n
=
∑
m
(
[∂qiW
†
k(q)Wk(q)]n,m[W
†
k(q)∂qjHk(q)Wk(q)]m,n + [W
†
k(q)∂qjHk(q)Wk(q)]n,m[W
†
k(q)∂qiWk(q)]m,n
)
=
∑
m,m 6=n
[W †k(q)∂qiHk(q)Wk(q)]n,m[W
†
k(q)∂qjHk(q)Wk(q)]m,n
Ekn(q)− Ekm(q) + (i↔ j) , (S14)
and now Eq. (S13) becomes:
∂qi∂qjEkn(q) = [W
†
k(q)∂qi∂qjHk(q)Wk(q)]n,n+
∑
m,m 6=n
[W †k(q)∂qiHk(q)Wk(q)]n,m[W
†
k(q)∂qjHk(q)Wk(q)]m,n
Ekn(q)− Ekm(q) +(i↔ j) ,
(S15)
We have hence removed the derivatives of Wk(q), which in principle are not immediately obtainable. Only the
derivatives of Hk(q) are left in the expressions, and these are immediately obtained. The first order derivative of
Hk(q) is given by:
∂qiHk(q)
∣∣∣
q=0
=
 −∂kiεk ∂qiDk(q)
∣∣∣
q=0
∂qiD†k(q)
∣∣∣
q=0
−∂kiε−k
 . (S16)
Similarly the second order derivative of matrix Hk(q) will be:
∂qi∂qjHk(q)
∣∣∣
q=0
=
 ∂ki∂kjεk ∂qi∂qjDk(q)
∣∣∣
q=0
∂qi∂qjD†k(q)
∣∣∣
q=0
−∂ki∂kjε−k
 (S17)
We substitute Eqs. (S16) and (S17) into Eq. (S15) to get the result of superfluid weight. Now only the Bogoliubov
coefficients Wk(0) are necessary. By using Eq. (S16) and the first term of Eq. (S15), we obtain the following two
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terms of superfluid weight:
[D(1)s ]ij =
1
2V
∑
k
Tr
(
VkV†k∂ki∂kjεk + V∗−kVT−k∂ki∂kjε−k
)
(S18)
[D(2)s ]ij =
1
4V
∑
k
Tr
[(UkVT−k − VkUT−k) ∂qi∂qjD†k(q)∣∣∣
q=0
+
(
U∗−kV†k − V∗−kU†k
)
∂qi∂qjDk(q)
∣∣∣
q=0
]
. (S19)
The contribution from 12
∑
k ∂ki∂kjεk has been included in [Ds]
(1). Similarly, by substituting Eq. (S14) into Eq.
(S15), we get the third term of the superfluid weight:
[D(3)s ]ij = −
1
4V
∑
k
2NB∑
n=1
2NB∑
m=1,m 6=n
sgn(NB−n+1/2)
{
[W †k∂qiHk(q)Wk]n,m[W
†
k∂qjHk(q)Wk]m,n
Ekn(0)− Ekm(0) + (i↔ j)
}
. (S20)
We use Eqs. (S7) and (S16) to express W †k∂qiHk(q)Wk|q=0 by the following block matrix:
W †k∂qiHk(q)Wk
∣∣∣
q=0
=
(
Pi(k) Qi(k)
Q†i (k) Ri(k)
)
(S21)
Pi(k) = −U†k∂kiεkUk + VT−k∂qiD†k(q)
∣∣∣
q=0
Uk + U†k∂qiDk(q)
∣∣∣
q=0
V∗−k − VT−k∂kiε−kV∗−k (S22)
Qi(k) = −U†k∂kiεkVk + VT−k∂qiD†k(q)
∣∣∣
q=0
Vk + U†k∂qiDk(q)
∣∣∣
q=0
U∗−k − VT−k∂kiε−kU∗−k (S23)
Ri(k) = −V†k∂kiεkVk + UT−k∂qiD†k(q)
∣∣∣
q=0
Vk + V†k∂qiDk(q)
∣∣∣
q=0
U∗−k − UT−k∂kiε−kU∗−k (S24)
We use these blocks to express the third term of superfluid weight (Eq. (S20)), and it can be written as
[Ds]
(3)
ij =−
1
4V
∑
k∈BZ

NB∑
n=1
NB∑
n′=1,n′ 6=n
[
[Pi(k)]n,n′ [Pj(k)]n′,n
Ekn(0)− Ekn′(0) +
[Pj(k)]n,n′ [Pi(k)]n′,n
Ekn(0)− Ekn′(0) −
[Ri(k)]n,n′ [Rj(k)]n′,n
Ek(n+NB)(0)− Ek(n′+NB)(0)
− [Rj(k)]n,n′ [Ri(k)]n′,n
Ek(n+NB)(0)− Ek(n′+NB)(0)
]
+
NB∑
n,n′=1
[
[Qi(k)]n,n′ [Q
†
j(k)]n′,n
Ekn(0)− Ek(n′+NB)(0)
+
[Qj(k)]n,n′ [Q
†
i (k)]n′,n
Ekn(0)− Ek(n′+NB)(0)
− [Q
†
i (k)]n,n′ [Qj(k)]n′,n
Ek(n+NB)(0)− Ekn′(0)
− [Q
†
j(k)]n,n′ [Qi(k)]n′,n
Ek(n+NB)(0)− Ekn′(0)
]}
. (S25)
First we study the contribution from these Pi(k) matrices. The first term in Eq. (S25) is given by:
NB∑
n=1
NB∑
n′=1,n′ 6=n
[Pi(k)]n,n′ [Pj(k)]n′,n
Ekn(0)− Ekn′(0) , (S26)
and we notice it has two dummy indices n and n′. If we simply switch them (n↔ n′), it will become
NB∑
n=1
NB∑
n′=1,n′ 6=n
[Pi(k)]n′,n[Pj(k)]n,n′
Ekn′(0)− Ekn(0) = −
NB∑
n=1
NB∑
n′=1,n′ 6=n
[Pj(k)]n,n′ [Pi(k)]n′,n
Ekn(0)− Ekn′(0) , (S27)
and it differs from the second term in Eq. (S25) only by a minus sign. Therefore the summation of the first and
second terms will be zero, and all Pi(k) matrices will not appear in the final expression. Similarly, we can prove Ri(k)
will also disappear. Only matrices Qi(k) will be left. By using the particle hole symmetry Ekn(0) = −E−k(n+NB),
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[Ds]
(3)
ij can be expressed as:
[Ds]
(3)
ij =
∑
k∈BZ
NB∑
n,n′=1
[
[Qi(k)]n,n′ [Q
†
j(k)]n′,n
Ekn(0)− Ek(n′+NB)(0)
+
[Qj(k)]n,n′ [Q
†
i (k)]n′,n
Ekn(0)− Ek(n′+NB)(0)
− [Q
†
i (k)]n,n′ [Qj(k)]n′,n
Ek(n+NB)(0)− Ekn′(0)
− [Q
†
j(k)]n,n′ [Qi(k)]n′,n
Ek(n+NB)(0)− Ekn′(0)
]
= − 1
2V
∑
k∈BZ
NB∑
n,n′=1
[
[Qi(k)]n,n′ [Q
†
j(k)]n′,n
Ekn(0) + E−kn′(0)
+
[Qj(k)]n,n′ [Q
†
i (k)]n′,n
Ekn(0) + E−kn′(0)
]
. (S28)
By adding Eqs. (S18), (S19) and (S28) together, we finally get the general expression of superfluid weight. This
result is accurate under mean-field approximation without FFLO order. In the following section we will see that the
superfluid weight can be related to the quantum geometric tensor under the flat band approximation. Our result here
is very similar to the result shown in Ref. [1], but it is more general. We used the Nambu spinor with particle-hole
redundancy, and our result can also be applied to Hamiltonians with Rashba coupling.
III. SUPERFLUID WEIGHT WITHIN FLAT BANDS AND RELATION TO THE QUANTUM METRIC
In this section we study the superfluid weight in the flat band limit. The following discussion is based on these
assumptions: 1) the free fermion Hamiltonian H(k) has NF flat bands, with energy ε0, and it can be diagonalized by
unitary matrix U(k); 2) the band gap between flat bands and other bands is larger than the band width of flat bands
(when the bands are exactly flat, this must be true) and the pairing order parameter. Because of the large band gap,
the derivation of free energy and superfluid weight can be simplified dramatically by projecting into the flat bands.
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FIG. S1. A schematic diagram of the flat band assumption. We assume that there are NF flat bands near the Fermi level,
and the gap between flat bands and other bands is large, compared to the flat band width and pairing order parameters. The
pairing strength between Kramers pairs in flat bands and in other bands are ∆1 and ∆2, respectively. In the case of TBLG,
the pairing happens between electrons with opposite momentum, spin, valley and in the same energy band.
Now we discuss the form of pairing order parameter. It is reasonable to first assume that ∆(k) obeys spinful time
reversal symmetry T , as assumed in Ref. [42]. This may seem irrelevant with TBLG since BM model does not have
time reversal. However if we take spin ↑, ↓ and valley K,K ′ into consideration, the whole system will have time
reversal symmetry. The time reversal transformation can always be represented by UTK in which K is the complex
conjugation, and UT is an real antisymmetric unitary matrix acting on the orbital and spin indices. The fermion
operators transform under T as T ψkiT −1 = (UT )ijψ−kj . If the BdG Hamiltonian has spinful time reversal symmetry,
the pairing order parameter will satisfy UT∆
†(k)UT = ∆(k). For simplicity we assume the order parameter has the
following form:
∆(k) =
[
∆1U˜kU˜
†
k + ∆2
(
1− U˜kU˜†k
)]
UT , (S29)
where U˜k = (u1(k), u2(k), · · · , uNF (k)) stands for the projection of U(k) into flat bands, thus U˜kU˜†k is projection
operator of flat bands,
(
1− U˜kU˜†k
)
is projector of all the other bands, and U˜†kU˜k = 1NF×NF . Cooper pairing
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happens between the Kramers pairs, and the pairing strength in flat bands is ∆1, and in other bands it is ∆2. If
the BdG Hamiltonian is assumed to be time reversal invariant, then as we mentioned in last paragraph, equation
UT∆
†(k)UT = ∆(k) must be satisfied. This equation requires ∆1,2 to be real. To show this, we have the following
equation
UT∆
†(k)UT = UTU
†
T
[
∆∗1U˜kU˜
†
k + ∆
∗
2
(
1− U˜kU˜†k
)]
UT
=
[
∆∗1U˜kU˜
†
k + ∆
∗
2
(
1− U˜kU˜†k
)]
UT , (S30)
thus when ∆1,2 ∈ R, the order parameter ∆(k) satisfies time reversal symmetry.
As we mentioned earlier, because the band gap between flat bands and other bands is larger than other energy
scales in flat bands, it is not necessary to use the tedious method in Sec. II to obtain the free energy and superfluid
weight. Therefore, the derivation becomes much simpler if we project the Hamiltonian into these flat bands. The
BdG Hamiltonian in Eq. (S6) includes all the energy bands. If we only keep the columns and rows which corresponds
to the flat bands, it will become:
H˜k(q) =
(
ε0 − µ D˜k(q)
D˜†k(q) −ε0 + µ
)
, (S31)
D˜k(q) = U˜†k−q∆(k)U˜∗−k−q = U˜†k−q
[
∆1U˜kU˜
†
k + ∆2
(
1− U˜kU˜†k
)]
U˜k+qw(k+ q) , (S32)
where ε0 is the flat band energy, and w(k) = U˜
†(k)UT U˜∗(−k) is the time reversal sewing matrix of all the flat bands.
In order to evaluate the free energy, we have to know the eigenvalues of H˜k(q). Thus we calculate the square of the
projected BdG Hamiltonian:
H˜ 2k (q) =
(
(ε0 − µ)2 + D˜k(q)D˜†k(q) 0
0 (ε0 − µ)2 + D˜†k(q)D˜k(q)
)
. (S33)
Note that it is block diagonal. We use λkn(q) and ϕkn(q) to denote the eigenvalues of matrices D˜k(q)D˜†k(q) and
D˜†k(q)D˜k(q), respectively. Obviously, both D˜k(q)D˜†k(q) and D˜†k(q)D˜k(q) are Hermitian and semi-positive definite,
we find that λkn(q) ≥ 0 and ϕkn(q) ≥ 0. Therefore, the eigenvalues of the projected BdG Hamiltonian satisfy
E2kn(q) = (ε0−µ)2 + λkn(q) when 1 ≤ n ≤ NF and E2kn(q) = (ε0−µ)2 +ϕkn(q) when NF + 1 ≤ n ≤ 2NF . The free
energy can be written can be written as the following form:
Ω(q) = −1
4
∑
k,n
|Ekn(q)| = −1
4
∑
k,n
(√
(ε0 − µ)2 + λkn(q) +
√
(ε0 − µ)2 + ϕkn(q)
)
. (S34)
Then we take the second order derivative of Ω(q) to get the superfluid weight:
[Ds]ij =− 1
V
∂2Ω(q)
∂qi∂qj
∣∣∣
q=0
=− 1
8V
∑
k,n
(
∂qi∂qjλkn(q)√
(ε0 − µ)2 + λkn(0)
− ∂qiλkn(q)∂qjλkn(q)
2[(ε0 − µ)2 + λkn(0)]3/2
+
∂qi∂qjϕkn(q)√
(ε0 − µ)2 + ϕkn(0)
− ∂qiϕkn(q)∂qjϕkn(q)
2[(ε0 − µ)2 + ϕkn(0)]3/2
)∣∣∣∣∣
q=0
. (S35)
When q = 0, the matrices D˜k(0), D˜k(0)D˜k(0)† and D˜k(0)†D˜k(0) will become
D˜k(0) = U˜†k
[
∆1U˜kU˜
†
k + ∆2
(
1− U˜kU˜†k
)]
U˜kw(k)
=
[
∆1
(
U˜†kU˜k
)2
+ ∆2
(
U˜†kU˜k −
(
U˜†kU˜k
)2)]
w(k)
= [∆11NF×NF + ∆2 (1NF×NF − 1NF×NF )]w(k)
= ∆1w(k) , (S36)
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D˜k(0)D˜k(0)† = ∆1w(k)w†(k)∆1 = ∆21 , (S37)
D˜†k(0)D˜k(0) = ∆21w†(k)w(k) = ∆21 . (S38)
Thus we must have λkn(0) = ϕkn(0) = ∆
2
1, and the denominator in Eq. (S44) will hence become a constant
EB =
√
(ε0 − µ)2 + ∆21, and the superfluid weight can be written as
[Ds]ij = −1
8
∫
d2k
(2pi)2
∑
n
(
∂qi∂qjλkn(q)
EB
+
∂qi∂qjϕkn(q)
EB
− ∂qiλkn(q)∂qjλkn(q)
2E3B
− ∂qiϕkn(q)∂qjϕkn(q)
2E3B
) ∣∣∣∣∣
q=0
.
(S39)
The first order derivative of matrices D˜k(q)D˜†k(q) and D˜†k(q)D˜k(q) are all equal to zero. In order to show this, we
can calculate the first order derivative of Dk(q) and D†k(q):
∂q
(
D˜k(q)
) ∣∣∣
q=0
= −∂kU˜†k
[
∆1U˜kU˜
†
k + ∆2
(
1− U˜kU˜†k
)]
U˜kw(k) + U˜
†
k
[
∆1U˜kU˜
†
k + ∆2
(
1− U˜kU˜†k
)]
∂kU˜kw(k) +Dk(0)∂kw(k)
= ∆1
(
−∂kU˜†kU˜kw(k) + U˜†∂kU˜kw(k) + ∂kw(k)
)
(S40)
∂q
(
D˜†k(q)
) ∣∣∣
q=0
= ∆1
(
−w†(k)U˜†k∂kU˜k + w†(k)∂kU˜†kU˜k + ∂kw†(k)
)
. (S41)
The first order derivative of the product D˜k(q)D˜†k(q) and D˜†k(q)D˜k(q) will become
∂q
(
D˜k(q)D˜†k(q)
) ∣∣∣
q=0
= ∂q
(
D˜k(q)
) ∣∣∣
q=0
∆1w
†(k) + ∆1w(k)∂q
(
D˜†k(q)
) ∣∣∣
q=0
= ∆21
(
−∂kU˜†kU˜k + U˜†k∂kU˜k + ∂kw(k)w†(k)− U˜†k∂kU˜k + ∂kU˜†kU˜k + w(k)∂kw†(k)
)
= ∆21∂k
(
w(k)w†(k)
)
= 0 , (S42)
∂q
(
D˜†k(q)D˜k(q)
) ∣∣∣
q=0
=∂q
(
D˜†k(q)
) ∣∣∣
q=0
∆1w(k) + ∆1w
†(k)∂q
(
D˜k(q)
) ∣∣∣
q=0
=∆21
(
−w†(k)U˜†k∂kU˜kw(k) + w†(k)∂kU˜†kU˜kw(k) + ∂kw†(k)w(k)
−w†(k)∂kU˜†kU˜kw(k) + w†(k)U˜†k∂kU˜kw(k) + w†(k)∂kw(k)
)
=∆21∂k
(
w†(k)w(k)
)
=0 . (S43)
Then by using Feynman-Hellman’s theorem, we have ∂qiλkn(q)|q=0 = ∂qiϕkn(q)|q=0 = 0. Hence the superfluid weight
can be further simplified as shown:
[Ds]ij = − 1
8EB
∫
d2k
(2pi)2
Tr
[
∂qi∂qj
(
D˜k(q)D˜†k(q)
) ∣∣∣
q=0
+ ∂qi∂qj
(
D˜†k(q)D˜k(q)
) ∣∣∣
q=0
]
= − 1
8EB
∫
d2k
(2pi)2
∂qi∂qj
[
Tr
(
D˜k(q)D˜†k(q) + D˜†k(q)D˜k(q)
)] ∣∣∣
q=0
= − 1
4EB
∫
d2k
(2pi)2
Tr
[
∂qi∂qj
(
D˜k(q)D˜†k(q)
) ∣∣∣
q=0
]
=
∆1(∆1 + ∆2)√
(ε0 − µ)2 + ∆21
∫
d2k
(2pi)2
Tr
[
1
2
(
∂kiU˜
†
k∂kj U˜k + ∂kj U˜
†
k∂kiU˜k
)
+
(
U˜†k∂kiU˜kU˜
†
k∂kj U˜k
)]
, (S44)
where the integrand of this result is the Fubini-Study metric mentioned in the main text, and it will be discussed in
detail in Sec. IV. Because of the pairing term, the chemical potential is no longer at the flat band energy ε0. In fact,
it can be determined by the filling ratio ν. Bogoliubov theory tells us that the filling ratio of momentum k is given
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by |vk|2:
v2k =
1
2
(
1− εk − µ√
(εk − µ)2 + ∆21
)
, (S45)
and in the flat band limit, εk = ε0 is momentum independent, which leads to a k independent vk. Therefore, the
filling ratio of the flat bands is ν = v2k. By using this relation, the superfluid weight at T = 0 can be written as
[Ds]ij = 2|∆1|
(
1 +
∆2
∆1
)√
ν(1− ν)
∫
d2k
(2pi)2
Tr
[
1
2
(
∂kiU˜
†
k∂kj U˜k + ∂kj U˜
†
k∂kiU˜k
)
+
(
U˜†k∂kiU˜kU˜
†
k∂kj U˜k
)]
. (S46)
In fact the integrand in Eq. (S46) is the Fubini-Study metric. It will be discussed in the following section.
IV. QUANTUM GEOMETRIC TENSOR, FUBINI-STUDY METRIC AND BERRY CURVATURE:
LOWER BOUNDS
Fubini-Study metric mentioned in last section is closely related with Berry curvature through the “quantum geo-
metric tensor”. Suppose we have n orthonormal vectors um(k), m = 1 . . . n, in a N dimensional Hilbert space, where
k is some parameter. The quantum geometric tensor can be defined as:
Gmnij (k) =
N∑
a,b=1
∂kiu
∗
a,m(k)
(
δa,b −
n∑
l
ua,l(k)u
∗
b,l(k)
)
∂kjub,n(k) , (S47)
in which m,n are energy band indices and i, j are spatial direction indices. For convenience we denote u˜k =
(un1(k), un2(k), · · · , unn(k)) where n1, n2, · · · , nn are the indices of the energy bands we are interested in. By using
u˜k, the quantum geometric tensor can be expressed in a more compact form:
Gij = ∂ki u˜
†
k
(
1− u˜ku˜†k
)
∂kj u˜k . (S48)
The Hermitian (real) and anti-Hermitian (imaginary) parts of Gij are:
Re[Gij ] =
1
2
(
Gij +G
†
ij
)
=
1
2
(
∂ki u˜
†
k∂kj u˜k + ∂kj u˜
†
k∂ki u˜k + u˜
†∂ki u˜ku˜
†∂kj u˜k + u˜
†∂kj u˜ku˜
†∂ki u˜k
)
, (S49)
Im[Gij ] =
1
2i
(
Gij −G†ij
)
=
1
2i
(
∂ki u˜
†
k∂kj u˜k − ∂kj u˜†k∂ki u˜k + u˜†∂ki u˜ku˜†∂kj u˜k − u˜†∂kj u˜ku˜†∂ki u˜k
)
. (S50)
For convenience we use gij to denote ReGij , and gij = Tr gij is the “Fubini-Study metric” mentioned earlier. It is easy
to notice that gij is actually the integrand appeared in Eqs. (S46). If the Berry connection is defined by A = iu˜
†
k∂ku˜k,
then the imaginary part ofGij is proportional to the Berry curvature: ImGij = − 12Fij = − 12 (∂kiAj−∂kjAi−i[Ai, Aj ]).
So in conclusion, the quantum geometric tensor can be written as
Gij = gij − i
2
Fij , (S51)
By this quantity, the Fubini-Study metric and Berry curvature are related with each other. An important feature
of Gij is its positive definiteness. Suppose we have several complex vectors ci ∈ Cn, and we will get the following
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equation:
∑
ij
c†iGijcj =
∑
ij
n∑
l,m=1
c∗i,lG
lm
ij cj,m
=
(∑
i
c†i∂ki u˜
†
k
)(
1− u˜ku˜†k
)(∑
i
∂ki u˜kci
)
=ϕ†
(
1− u˜ku˜†k
)
ϕ (S52)
ϕ =
∑
i
∂ki u˜kci .
Because {um(k)} are orthonormal vectors, the matrix
(
1− u˜ku˜†k
)
is a projector, and the eigenvalues can only be 0 or
1. Therefore a scalar product ϕ†
(
1− u˜ku˜†k
)
ϕ must be non-negative. If we choose the complex vectors ci properly,
Eq. (S52) can be used to prove important inequalities between the Fubini-Study metric and Berry curvature, as we
will show in Sec. V.
The geometric meaning of Fubini-Study metric can be understood as distance between quantum states. In fact the
Bloch wave functions of N bands u˜k define a map from the Brillouin zone torus to CPN−1. If we define the distance
between two points k and k+ dk as shown:
d2(k,k+ dk) =
1
2
Tr
(
u˜ku˜
†
k − u˜k+dku˜†k+dk
)2
, (S53)
then by expanding this equation to the second order we will find d2(k,k + dk) = gij(k1)dkidkj . A pedagogical
introduction to quantum distance and quantum geometric tensor can be found in Ref. [57].
A physical interpretation of the Fubini-Study metric is related with the Wannier function localization which is
studied in Ref. [58, 59]. If the Bloch wave function of a state in band n and momentum k is |ψkn, then the Wannier
states can be obtained by the discrete Fourier transformation
|Rn〉 = 1√
N
∑
k
e−ik·R|ψnk〉 (S54)
The Wannier function localization functional can be defined as follows:
F =
∑
n
[〈0n|rˆ2|0n〉 − |〈0n|rˆ|0n〉|2] , (S55)
where rˆ is the position operator. However this functional is represented in the Wannier basis. We will show how to
express it under Bloch basis. It is well known that the Bloch wave function can be expressed as the product of a
periodic function unk (the Bloch function) and a phase e
ik·rˆ:
|ψnk〉 = eik·rˆ|unk〉 .
The overlap between two Bloch functions with different momentum will be:
〈umk|unk+q〉 = 〈ψmk|e−iq·rˆ|ψnk+q〉 . (S56)
The right hand side of this equation is the Bloch states, and we can transform it into Wannier states as shown:
〈umk|unk+q〉 = 1
N
∑
RR′
e−ik·(R
′−R)〈R′m|e−iq·rˆ|Rn〉e−iq·R . (S57)
Because the Wannier functions have a discrete translation symmetry along Bravias lattice, we obtain
〈R′m|e−iq·rˆ|Rn〉eiq·R = 〈(R′ −R)m|e−iq·rˆ|0n〉 ,
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Eq. (S56) now becomes
〈umk|unk+q〉 = 1
N
∑
R
e−ik·R〈Rm|e−iq·rˆ|0n〉 .
Up till now we were using the periodic Bloch wave functions |ukn〉 instead of the eigenvectors um(k) of matrix H(k).
In fact it can be shown that for both continuum models and tight binding models with exactly localized atomic
orbitals, we have 〈umk|unk+q〉 = u†m(k)un(k+ q).
The Bloch wave function is given by the following equation in both tight binding models and continuum models:
|ψmk〉 =
∑
α
uα,m(k)|k, α〉 .
In continuum models, the states |k, α〉 are given by the plain waves:
〈r|k, α〉 = 1√
NΩc
ei(k+Qα)·r , (S58)
where Qα is a reciprocal vector in momentum space. By using the plain wave basis, we have
〈umk|unk+q〉 =
∑
αβ
u∗α,m(k)uβ,n(k+ q)〈k, α|e−iq·rˆ|k+ q, β〉
=
∑
αβ
u∗α,m(k)uβ,n(k+ q)
1
NΩc
∫
d2r e−i(k+Qα)·rei(k+q+Qβ)·re−iq·r
=
∑
αβ
u∗α,m(k)uβ,n(k+ q)
1
NΩc
∫
d2r ei(Qβ−Qα)·r
=
∑
αβ
u∗α,m(k)uβ,n(k+ q)δαβ
= u†m(k)un(k+ q) . (S59)
In tight binding models, the states |k, α〉 are given by
〈r|k, α〉 = 1√
N
∑
R
eik·(R+τα)wα(r−R− τα) , (S60)
where wα(r−R− τα) is the local wave function in the unit cell R and orbital α. The inner product of periodic Bloch
wave function with different momenta will be
〈umk|unk+q〉 =
∑
αβ
u∗α,n(k)uβ,n(k+ q)
1
N
∑
R1,R2
e−ik·(R1+τα)ei(k+q)·(R2+τβ)
∫
d2r e−iq·rw∗α(r−R1 − τα)wβ(r−R2 − τβ) ,
(S61)
If the wave functions of atomic orbitals are assumed to be exactly localized as w∗α(r −R1 − τα)wβ(r −R2 − τβ) =
δ(r−R1 − τα)δR1,R2δα,β , we will obtain the following equation
〈umk|unk+q〉 =
∑
αβ
u∗α,n(k)uβ,n(k+ q)
1
N
∑
R1,R2
e−ik·(R1+τα)ei(k+q)·(R2+τβ)e−iq·(R1+τα)δα,βδR1,R2
=
∑
α
u∗α,m(k)uα,n(k+ q)
1
N
∑
R
ei(−k+k+q−q)·(R1+τα)
=
∑
α
u∗α,m(k)uα,n(k+ q)
= u†m(k)un(k+ q) . (S62)
Now we have proved that for both continuum models and tight binding models, the inner product of periodic Bloch
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wave functions |unk〉 is equal to the inner product of the eigenvectors un(k) of H(k). Therefore, Eq. (S56) can be
written as
u†m(k)un(k+ q) =
1
N
∑
R
e−ik·R〈Rm|e−iq·rˆ|0n〉 . (S63)
Then we take the first and second order derivatives of q on both sides of this equation, and evaluate the result at
q = 0 to obtain:
u†m(k)∇kun(k) = −i
∑
R
e−ik·R〈Rm|rˆ|0n〉 (S64)
u†m(k)∇2kun(k) = −
∑
R
e−ik·R〈Rm|rˆ2|0n〉 . (S65)
The Fourier transformation of these two equations will be
〈Rm|rˆ|0n〉 = i Ωc
(2pi)2
∫
d2k u†m(k)∇kun(k)eik·R (S66)
〈Rm|rˆ2|0n〉 = − Ωc
(2pi)2
∫
d2k u†m(k)∇2kun(k)eik·R , (S67)
where Ωc is the area of the unit cell. For future convenience we divide the localization functional F into the following
two parts:
F =
∑
n
[〈0n|rˆ2|0n〉 − |〈0n|rˆ|0n〉|2]
=
∑
n
[
〈0n|rˆ2|0n〉 −
∑
Rm
|〈Rm|rˆ|0n〉|2
]
+
∑
n
∑
Rm6=0n
|〈Rm|rˆ|0n〉|2 , (S68)
and let us denote the first and second terms in Eq. (S68) by FI and F˜ , respectively. Also F˜ is always positive because
of its definition. By using Eqs. (S66) and (S67), the first part FI can be written as the following form:
FI =
∑
n
[
− Ωc
(2pi)2
∫
d2k u†n(k)∇2kun(k)−
(
Ωc
(2pi)2
)2∑
Rm
∫
d2k1
∫
d2k2 e
i(k1−k2)·R (u†m(k1)∇k1un(k1)) (∇k2u†n(k2)um(k2))
]
=
∑
n
[
− Ωc
(2pi)2
∫
d2k u†n(k)∇2kun(k) +
Ωc
(2pi)2
∑
m
∫
d2k
(
u†m(k)∇kun(k)
) (
u†n(k)∇kum(k)
)]
, (S69)
The first term is always a real number because it is equal to 〈0n|rˆ2|0n〉. So by taking the complex conjugation we
obtain
Ωc
(2pi)2
∫
d2k u†n(k)∇2kun(k) =
Ωc
(2pi)2
∫
d2k∇2ku†n(k)un(k) . (S70)
Also from the normalization condition we have u†n(k)un(k) = 1. The second order derivative tells us u
†
n(k)∇2kun(k)+∇2ku†n(k)un(k) + 2∇ku†n(k)∇kun(k) = 0. Consequently we will obtain
−
∫
d2k u†n(k)∇2kun(k) = −
1
2
∫
d2k
(
u†n(k)∇2kun(k) +∇2ku†n(k)un(k)
)
=
∫
d2k∇ku†n(k)∇kun(k) . (S71)
We use this expression to replace the first term appeared in FI , and the result is
FI =
∑
n
[
Ωc
(2pi)2
∫
d2k∇ku†n(k)∇kun(k) +
Ωc
(2pi)2
∑
m
∫
d2k u†m(k)∇kun(k)u†n(k)∇kum(k)
]
=
Ωc
(2pi)2
∫
d2k tr g(k) . (S72)
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Notice that the integrand is the trace of the Fubini-Study metric tr g defined by the eigenvectors un(k). Since the
metric is invariant under gauge transformation, FI is gauge invariant. Hence if the integral of tr g has a nonzero
lower bound, the gauge invariant part of Wannier function localization functional will also be bounded. Because F˜ is
always positive by definition, the lower bound of the gauge invariant part FI is also the lower bound of the functional
F itself. In the following section we will show some examples with bounded Fubini-Study metric.
V. BOUNDS ON THE QUANTUM METRIC FOR DIFFERENT SYSTEMS: SSH CHAIN, CHERN
INSULATOR AND C2zT FRAGILE TOPOLOGY
A. SSH Chain
Several examples of metric lower bound are studied in this section. We start our discussion with SSH model.
SSH model is a one dimensional model with chiral symmetry and it can be classified by a winding number. In this
paragraph we show that the integral of Fubini-Study metric of SSH chain is bounded by the winding number. If the
chiral symmetry is represented by σz, then the (flat band) Hamiltonian of SSH model can be written as
H(k) = cos(φ(k))σx + sin(φ(k))σy , (S73)
in which φ(k) is a function of k. The topological index of this model is the winding number, defined by W =
1
2pi
∫
dk ∂kφ(k) ∈ Z. By diagonalizing H(k) and finding the wave function of valence band states, we can find the
Fubini-Study metric of SSH model is:
g(k) =
1
4
(∂kφ(k))
2
, (S74)
then it is easy to show that the integral of metric is bounded by the winding number:
1
2pi
∫
dk g(k) =
1
4
1
2pi
∫
dk (∂kφ(k))
2 ≥ a
4
(
1
2pi
∫
dk ∂kφ(k)
)2
=
aW2
4
, (S75)
in which a is the lattice constant. Hence the integral of Fubini-Study metric in one dimension with chiral symmetry
is bounded by the winding number.
B. Chern Insulator
The next example will be a band with nonzero Chern number. The integral of Berry curvature of a Chern band
must be 2pin, n ∈ Z. We consider the case with just one band with a Chern number C1. That means Gij = gij− i2Fxy
is a complex number instead of a matrix and gij = gij . If we choose cx = 1, cy = i, Eq. (S52) will become:
Gxx +Gyy + iGxy − iGyx = gxx + gyy + Fxy ≥ 0 ⇒ tr g ≥ −Fxy . (S76)
Similarly, if we choose cx = 1, cy = −i, we will get tr g ≥ Fxy. In conclusion, the trace of the metric is bounded by the
local Berry curvature tr g ≥ |Fxy|. Obviously, lower bound for the integral of metric is given by the Chern number:
1
2pi
∫
d2k tr g ≥
∣∣∣∣∣ 12pi
∫
d2kFxy
∣∣∣∣∣ = |C1| . (S77)
C. Topology of TBLG flat bands
The flat bands in TBLG are not Chern bands. In fact, their Chern number vanishes. The effective continuum
model of TBLG per spin per valley is the Bistritzer-MacDonald model [3] whose two flat bands around the charge
neutral point have a nontrivial topology protected by this C2zT symmetry. The free fermion Hamiltonian of valley
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K and spin up is given by:
h(k)Q,Q′ = vFσ · (k−Q)δQ,Q′ + w
3∑
j=1
(
δQ−Q′,qjTj + δQ−Q′,−qjT
†
j
)
, (S78)
in which Q,Q′ take their value in the hexagonal lattice formed by adding q1,2,3 iteratively. Notice that this Hamilto-
nian is not periodic in momentum space. In fact it changes as h(k+G) = VGh(k)V
†
G under momentum translation,
in which (VG)Q,Q′ = e
iαδQ′−Q,G. The choice of VG has a phase degree of freedom, and we choose it to be real
(α = 0, pi). The reason will be explained later. The C2zT transformation and its representation unitary matrix
D(C2zT ) are defined as follows:
(C2zT )ψK↑,Q,a,k(C2zT )−1 = D(C2zT )Q,a;Q′,bψK↑,Q′,b,k , D(C2zT )Q,a;Q′,b = δQ,Q′(σx)ab , (S79)
and the Hamiltonian satisfies D(C2zT )h
∗(k)D−1(C2zT ) = h(k).
1. C2zT Sewing matrix and off-diagonal Berry connection
The topology of these bands has been studied in previous research where it has been proved that they have a Wilson
loop winding number [26, 28]. Before we prove that the metric is bounded by that number, we briefly review the
topology of these flat bands. In momentum space, T sends k to −k and then C2z sends it back to k. Since T 2 = 1
in this case, there is no Kramers degeneracy, and we can have the sewing matrix of C2zT symmetry. If un(k) are the
eigenstates of the Hamiltonian h(k), the C2zT sewing matrix B(k) will have the following form:
D(C2zT )u
∗
m(k) =
∑
m
um(k)Bmn(k) , B(k) = u˜
†(k)D(C2zT )u˜∗(k) , (S80)
where u˜k = (u1(k), u2(k)) are the eigenvectors of h(k) which correspond to the flat bands. C2zT symmetry is
antiunitary, hence we need a real embedding matrix VG to make B(l) periodic:
B(k+G) = u˜†k+GD(C2zT )u˜
∗
k+G = u˜
†
kV
†
GD(C2zT )V
∗
Gu˜
∗
k = u˜
†
kD(C2zT )u˜
∗
k = B(k) . (S81)
Because (C2zT )
2 = 1, there is no Kramers theorem, then if the two flat bands are not degenerate (away from the
Dirac points), the sewing matrix must be diagonal and can be written as
B(k) =
(
eiθ1k 0
0 eiθ2k
)
.
Because of the periodicity of B(k), we must have (θ1k+G − θ1k) = 2pin, (θ2k+G − θ2k) = 2pim in which n,m ∈ Z.
By definition, the non-Abelian Berry connection is given by A(k) = iu˜†k∂ku˜k, where u˜k = (u1(k), u2(k)) are the
eigenvectors of h(k) which correspond to the flat bands. Due to the property of the sewing matrix Eq. (S80), when
k is not on any Dirac points, the Berry connection satisfies the following equation [26, 28]:
A(k) = −B(k)AT(k)B†(k) + iB(k)∂kB†(k) , (S82)
and this equation is a constraint on the matrix elements of the Berry connection. It requires the non-Abelian
connection to have the following form:
A(k) =
(
1
2∂kθ1k ia(k)e
i
2 (θ1k−θ2k)
−ia(k)e i2 (θ2k−θ1k) 12∂kθ2k
)
, (S83)
in which a(k) is a real vector. It is important to know whether a(k) is single valued or not. Because the embedding
matrix VG is momentum independent, the Berry connection itself is periodic. Also the winding numbers n1,2 defined
by phase factors θ1,2k+G − θ1,2k = 2pin1,2 must be integers because of periodicity of B(k). Therefore we have
e
i
2 (θ1k+G−θ2k+G) = ±e i2 (θ1k−θ2k). This means the vector a(k) can be periodic (a(k + G) = a(k)) if (n1 − n2) is an
even integer, or antiperiodic (a(k + G) = −a(k)) if (n1 − n2) is an odd integer. . In fact, by using the property of
C2zT symmetry, we can prove that a(k) must be periodic for topological nontrivial bands.
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When k is not on any Dirac points, we can write down the form of non-Abelian Berry curvature by Eq. (S83):
Fxy = ∂kxAy(k)−∂kyAx(k)−i[Ax(k), Ay(k)] =
(
0 ifxye
i
2 (θ1k−θ2k)
−ifxye i2 (θ2k−θ1k) 0
)
, fxy = ∂kxay−∂kyax . (S84)
We will show how the Wilson loop winding number is related with fxy in the following subsection.
2. Wilson loop winding
It can be shown that the winding number of the Wilson loop of the two active bands can be expressed as the
integral of fxy on the whole Brillouin zone. We can label the momentum as k =
k1
2pib1 +
k2
2pib2 in which b1,2 are the
primitive vectors of the Moire´ reciprocal lattice. The large Wilson loop across the whole BZ along b2 direction with
fixed k1 is defined as
W (k1) = P exp
(
−i
∮
c
dk ·A(k)
)
= lim
δk→0
u˜†(k1, 0)u˜(k1, δk)u˜†(k1, δk)u˜(k1, 2δk)u˜†(k1, 2δk) · · · u˜†(k1, 2pi − δk)u˜(k1, 2pi) , (S85)
where P stands for the path ordering and c is the straight line path from (k1, 0) to (k1, 2pi). The complex conjugation
of this Wilson loop operator will become:
W ∗(k1) = lim
δk→0
u˜T(k1, 0)u˜
∗(k1, δk)u˜T(k1, δk)u˜∗(k1, 2δk)u˜T(k1, 2δk) · · · u˜T(k1, 2pi − δk)u˜∗(k1, 2pi)
= lim
δk→0
u˜T(k1, 0)D
−1(C2zT )D(C2zT )u˜∗(k1, δk)u˜T(k1, δk)D−1(C2zT ) · · · u˜T(k1, 2pi − δk)D−1(C2zT )D(C2zT )u˜∗(k1, 2pi)
= lim
δk→0
B†(k1, 0)u˜†(k1, 0)u˜(k1, δk)B(k1, δk)B†(k1, δk)u˜†(k1, δk) · · ·B†(k1, 2pi − δk)u˜†(k1, 2pi − δk)u˜(k1, 2pi)B(k1, 2pi)
= B†(k1, 0)W (k1)B(k1, 2pi) . (S86)
Since we have proved that the sewing matrix is periodic, we find that W (k1) and W
∗(k1) only differ by a unitary
transformation. There will be two kinds of possiblities: 1) the two eigenvalues are complex conjugation to each other;
2) the two eigenvalues are real, and because of unitarity of W (k1), the two eigenvalues can only be {1, 1}, {1,−1}
or {−1,−1}. However, the second case can only give us a trivial band because the Wilson loop is not winding, and
hence we only consider the first case in the following discussion. Because the two eigenvalues are complex conjugation
to each other, the determinant of this large Wilson loop must be 1. Therefore, we have
detW (k1) = exp
(
−i
∮
c
dk · TrA(k)
)
= 1 . (S87)
When there is no Dirac point along this Wilson loop, from Eq. (S83) we know that TrA(k) = 12∂k(θ1k + θ2k), thus∮
c
dk · TrA(k) = pi(n1 + n2), where n1,2 are the winding numbers of θ1,2k along this large Wilson loop. Because
of Eq. (S87), (n1 + n2) must be an even integer, and thus (n1 − n2) is also an even integer. As we mentioned in
last subsection, the off-diagonal element of Berry connection ia(k)e
i
2 (θ1k−θ2k) is periodic. Since e
i
2 (θ1k+G−θ2k+G) =
eipi(n1−n2)e
i
2 (θ1k−θ2k) = e
i
2 (θ1k−θ2k), we find that a(k+G) = a(k).
The above discussion is about a large Wilson loop W (k1) along BZ without going across any Dirac points. However
the topology of bands is usually diagnosed by the winding of Wilson loop over the whole BZ, which means k1 varies
from 0 to 2pi and it must encounter Dirac points during this process. It can be shown that W (k1) is continuous when
it goes across a Dirac point. Assume that WD is a non-Abelian Wilson loop surrounding a Dirac cone at position
(k01, k02). If we want to shrink this loop to a point with the Dirac point surrounded by it, then the shrinking point
must be that Dirac point. The Wilson loop is made out of the projector into the two bands that have the Dirac
point, hence it must be the identity. As shown in FIG. S2 (a), the Wilson loop W (k01 − δ) and W (k01 + δ) can be
represented as
W (k01 − δ) = W−1 W−1Dl W−2 ,
W (k01 + δ) = W
+
1 WDrW
+
2 ,
and these Wilson line operators W±1 , W
±
2 , WDl and WDr are also shown in FIG. S2 (a). As we just mentioned, the
23
Wilson loop around the Dirac point is the identity when the radius D of that Wilson loop approaches zero, which
means 1 = WDlWDr and hence WDr = W
−1
Dl . Also because W
−
1,2 can be continuously deformed to W
+
1,2 without
crossing with any Dirac point, we will obtain that W−1,2 = W
+
1,2 when δ → 0. One hence easily finds that W (k01 − δ)
and W (k01 + δ) are identical at the limit when both D and δ go to zero. That is our statement that W (k1) is
continuous when it goes across a Dirac point.
WDl
<latexit sha1_base64="CBerugUDOny5BT9PJ1pJEuoCJW8=">AAAB7XicbVC7SgNBFL0 bXzG+ooKNzWAQrMKuKbQM0cIyAfOAZAmzk9lkzOzMMjMrhCX/YGOhiK2Vf+EX2Nn4LU4ehSYeuHA4517uvSeIOdPGdb+czMrq2vpGdjO3tb2zu5ffP2homShC60RyqVoB1pQzQeuGGU5b saI4CjhtBsOrid+8p0ozKW7NKKZ+hPuChYxgY6VGs5te83E3X3CL7hRomXhzUigf1b7Ze+Wj2s1/dnqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT6bVjdGqVHgqlsiUM mqq/J1IcaT2KAtsZYTPQi95E/M9rJya89FMm4sRQQWaLwoQjI9HkddRjihLDR5Zgopi9FZEBVpgYG1DOhuAtvrxMGudFr1R0azaNCsyQhWM4gTPw4ALKcANVqAOBO3iAJ3h2pPPovDivs 9aMM585hD9w3n4AZHuSsw==</latexit>
WDr
<latexit sha1_base64="1QxxOasQhibBC1KY4b2ICsnIBwo=">AAAB7XicbVC7SgNBFL0 bXzG+ooKNzWAQrMKuKbQM0cIyAfOAZAmzk9lkzOzMMjMrhCX/YGOhiK2Vf+EX2Nn4LU4ehSYeuHA4517uvSeIOdPGdb+czMrq2vpGdjO3tb2zu5ffP2homShC60RyqVoB1pQzQeuGGU5b saI4CjhtBsOrid+8p0ozKW7NKKZ+hPuChYxgY6VGs5teq3E3X3CL7hRomXhzUigf1b7Ze+Wj2s1/dnqSJBEVhnCsddtzY+OnWBlGOB3nOommMSZD3KdtSwWOqPbT6bVjdGqVHgqlsiUM mqq/J1IcaT2KAtsZYTPQi95E/M9rJya89FMm4sRQQWaLwoQjI9HkddRjihLDR5Zgopi9FZEBVpgYG1DOhuAtvrxMGudFr1R0azaNCsyQhWM4gTPw4ALKcANVqAOBO3iAJ3h2pPPovDivs 9aMM585hD9w3n4AbZmSuQ==</latexit>
a) b)
W (k01    )
<latexit sha1_base64="DO3RNuSFTyX3Qug1g9HqK2hSSlw=">AAAB+XicbVBNS8N AEN34WetX1KOXxSLUgyWpgh6LXjxWsB/QhrDZbNqlm03YnRRK6D/x4kERr/4Tb/4bt20O2vpg4PHeDDPzglRwDY7zba2tb2xubZd2yrt7+weH9tFxWyeZoqxFE5GobkA0E1y yFnAQrJsqRuJAsE4wup/5nTFTmifyCSYp82IykDzilICRfNvuVEd+7rjTy37IBJAL3644NWcOvErcglRQgaZvf/XDhGYxk0AF0brnOil4OVHAqWDTcj/TLCV0RAasZ6gkMdN ePr98is+NEuIoUaYk4Ln6eyInsdaTODCdMYGhXvZm4n9eL4Po1su5TDNgki4WRZnAkOBZDDjkilEQE0MIVdzciumQKELBhFU2IbjLL6+Sdr3mXtXqj9eVxl0RRwmdojNURS6 6QQ30gJqohSgao2f0it6s3Hqx3q2PReuaVcycoD+wPn8AHjSSrQ==</latexit>
W (k01 +  )
<latexit sha1_base64="UaueWwYwNJw1P6PeOPbm6t4KTkA=">AAAB+XicbVBNS8N AEN34WetX1KOXxSJUhJJUQY9FLx4r2A9oQ9hsNu3SzSbsTgol9J948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QSq4Bsf5ttbWNza3tks75d29/YND++i4rZNMUdaiiUhUNyCaCS5 ZCzgI1k0VI3EgWCcY3c/8zpgpzRP5BJOUeTEZSB5xSsBIvm13qiM/d9zpZT9kAsiFb1ecmjMHXiVuQSqoQNO3v/phQrOYSaCCaN1znRS8nCjgVLBpuZ9plhI6IgPWM1SSmGk vn18+xedGCXGUKFMS8Fz9PZGTWOtJHJjOmMBQL3sz8T+vl0F06+VcphkwSReLokxgSPAsBhxyxSiIiSGEKm5uxXRIFKFgwiqbENzll1dJu15zr2r1x+tK466Io4RO0RmqIhf doAZ6QE3UQhSN0TN6RW9Wbr1Y79bHonXNKmZO0B9Ynz8bHpKr</latexit>
(k01    , 0)
<latexit sha1_base64="ODnX7HuXxADhdTX/pWtyA/jch+o=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQQUtSBV0W3bisYB/QhjCZ3LRDJw9mJkqJ/RQ3LhRx65 e482+ctllo64ELh3Pu5d57vIQzqSzr2yisrK6tbxQ3S1vbO7t7Znm/LeNUUGjRmMei6xEJnEXQUkxx6CYCSOhx6Hijm6nfeQAhWRzdq3ECTkgGEQsYJUpLrlmujtzMsidnfR+4IqfWiWtWrJo1A14mdk4qKEfTNb/6fkzTECJFOZGyZ1uJcjIiFKMcJqV+KiEhdEQG0NM0IiFIJ5udPsHHWvFxEAtdkcIz9fdERkIpx6GnO0OihnLRm4r/eb 1UBVdOxqIkVRDR+aIg5VjFeJoD9pkAqvhYE0IF07diOiSCUKXTKukQ7MWXl0m7XrPPa/W7i0rjOo+jiA7REaoiG12iBrpFTdRCFD2iZ/SK3own48V4Nz7mrQUjnzlAf2B8/gBQFJK8</latexit>
(k01 +  , 0)
<latexit sha1_base64="phfBOH6wcANvb/1e2vnzGm1OxQc=">AAAB+nicbVDLSsNAFJ3UV62vVJduBotQUUpSBV0W3bisYB/QhjCZ3LRDJw9mJkqJ/RQ3LhRx65 e482+ctllo64ELh3Pu5d57vIQzqSzr2yisrK6tbxQ3S1vbO7t7Znm/LeNUUGjRmMei6xEJnEXQUkxx6CYCSOhx6Hijm6nfeQAhWRzdq3ECTkgGEQsYJUpLrlmujtzMsienfR+4ImfWiWtWrJo1A14mdk4qKEfTNb/6fkzTECJFOZGyZ1uJcjIiFKMcJqV+KiEhdEQG0NM0IiFIJ5udPsHHWvFxEAtdkcIz9fdERkIpx6GnO0OihnLRm4r/eb 1UBVdOxqIkVRDR+aIg5VjFeJoD9pkAqvhYE0IF07diOiSCUKXTKukQ7MWXl0m7XrPPa/W7i0rjOo+jiA7REaoiG12iBrpFTdRCFD2iZ/SK3own48V4Nz7mrQUjnzlAf2B8/gBM+pK6</latexit>
(k01 +  , 2⇡)
<latexit sha1_base64="M6msymvjrpKhRMi1ZBUcYfhn6Dw=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahopSkCrosunFZwT6gCWEymbRDJ5MwcyPUUPwVNy4Ucet/uPNvn D4W2nrgwuGce7n3niDlTIFtfxuFpeWV1bXiemljc2t7x9zda6kkk4Q2ScIT2QmwopwJ2gQGnHZSSXEccNoOBjdjv/1ApWKJuIdhSr0Y9wSLGMGgJd88qAz83HZGp25IOeCzmpuyE98s21V7AmuRODNSRjM0fPPLDROSxVQA4ViprmOn4OVYAiOcjkpupmiKyQD3aFdTgWOqvHxy/cg61kpoRYnUJcCaqL8nchwrNYwD3Rlj6Kt5byz+53UziK68nIk0AyrId FGUcQsSaxyFFTJJCfChJphIpm+1SB9LTEAHVtIhOPMvL5JWreqcV2t3F+X69SyOIjpER6iCHHSJ6ugWNVATEfSIntErejOejBfj3fiYthaM2cw++gPj8wel8JQP</latexit>
(k01    , 2⇡)
<latexit sha1_base64="X3DHJQu/Gb0VPsmyOKtBv9XJaU8=">AAAB/XicbVDLSsNAFJ3UV62v+Ni5CRahgpakCrosunFZwT6gCWEymbRDJ5MwcyPUUPwVNy4Uce t/uPNvnD4W2nrgwuGce7n3niDlTIFtfxuFpeWV1bXiemljc2t7x9zda6kkk4Q2ScIT2QmwopwJ2gQGnHZSSXEccNoOBjdjv/1ApWKJuIdhSr0Y9wSLGMGgJd88qAz83HZGZ25IOeDTmpuyE98s21V7AmuRODNSRjM0fPPLDROSxVQA4ViprmOn4OVYAiOcjkpupmiKyQD3aFdTgWOqvHxy/cg61kpoRYnUJcCaqL8nchwrNYwD3Rlj6Kt5by z+53UziK68nIk0AyrIdFGUcQsSaxyFFTJJCfChJphIpm+1SB9LTEAHVtIhOPMvL5JWreqcV2t3F+X69SyOIjpER6iCHHSJ6ugWNVATEfSIntErejOejBfj3fiYthaM2cw++gPj8wepEJQR</latexit>
(k01    , k02 +D)
<latexit sha1_base64="K/uyxkoF+BN46jE6ttdVjnFe47c=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKmpJqqDLoi5cVrAPaEOYTCbt0MkkzEyEEuLGX3HjQh G3/oU7/8Zpm4W2Hrhw5px7mXuPFzMqlWV9G4WFxaXlleJqaW19Y3PL3N5pySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsbXo/99gMRkkb8Xo1i4oSoz2lAMVJacs29ytBNLTs77fmEKXQyftWy45sj1yxbVWsCOE/snJRBjoZrfvX8CCch4QozJGXXtmLlpEgoihnJSr1EkhjhIeqTrqYchUQ66eSCDB5qxYdBJHRxBSfq74kUhVKOQk93hk gN5Kw3Fv/zuokKLp2U8jhRhOPpR0HCoIrgOA7oU0GwYiNNEBZU7wrxAAmElQ6tpEOwZ0+eJ61a1T6r1u7Oy/WrPI4i2AcHoAJscAHq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5AyI8lWU=</latexit>
(k01 +  , k02 +D)
<latexit sha1_base64="k6wnC//BR6MmP58bPBIxiQgNtKM=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKpWSVEGXRV24rGAf0IYwmUzaoZNJmJkIJcSNv+LGhS Ju/Qt3/o2TtgttPXDhzDn3MvceL2ZUKsv6NgpLyyura8X10sbm1vaOubvXllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43us79zgMRkkb8Xo1j4oRowGlAMVJacs2DyshNLTur9n3CFDrNX/WsenPimmWrZk0AF4k9I2UwQ9M1v/p+hJOQcIUZkrJnW7FyUiQUxYxkpX4iSYzwCA1IT1OOQiKddHJBBo+14sMgErq4ghP190SKQinHoac7Q6 SGct7Lxf+8XqKCSyelPE4U4Xj6UZAwqCKYxwF9KghWbKwJwoLqXSEeIoGw0qGVdAj2/MmLpF2v2We1+t15uXE1i6MIDsERqAAbXIAGuAVN0AIYPIJn8ArejCfjxXg3PqatBWM2sw/+wPj8AR8UlWM=</latexit>
(k01 +  , k02  D)
<latexit sha1_base64="OpFUe47ZNddiLvgsoHpIG+C4N44=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKmpJqqDLoi5cVrAPaEOYTCbt0MkkzEyEEuLGX3HjQh G3/oU7/8Zpm4W2Hrhw5px7mXuPFzMqlWV9G4WFxaXlleJqaW19Y3PL3N5pySgRmDRxxCLR8ZAkjHLSVFQx0okFQaHHSNsbXo/99gMRkkb8Xo1i4oSoz2lAMVJacs29ytBNLTs77vmEKXQyftWy05sj1yxbVWsCOE/snJRBjoZrfvX8CCch4QozJGXXtmLlpEgoihnJSr1EkhjhIeqTrqYchUQ66eSCDB5qxYdBJHRxBSfq74kUhVKOQk93hk gN5Kw3Fv/zuokKLp2U8jhRhOPpR0HCoIrgOA7oU0GwYiNNEBZU7wrxAAmElQ6tpEOwZ0+eJ61a1T6r1u7Oy/WrPI4i2AcHoAJscAHq4BY0QBNg8AiewSt4M56MF+Pd+Ji2Fox8Zhf8gfH5AyIglWU=</latexit>
(k01    , k02  D)
<latexit sha1_base64="bOtcRA/PZwy6x2kviJ0d/ahxwOQ=">AAACAXicbVDLSsNAFJ3UV62vqBvBzWARKtiSVEGXRV24rGAf0IYwmUzaoZNJmJkIJcSNv+LGhS Ju/Qt3/o2TtgttPXDhzDn3MvceL2ZUKsv6NgpLyyura8X10sbm1vaOubvXllEiMGnhiEWi6yFJGOWkpahipBsLgkKPkY43us79zgMRkkb8Xo1j4oRowGlAMVJacs2DyshNLTur9n3CFDrNX/WsenPimmWrZk0AF4k9I2UwQ9M1v/p+hJOQcIUZkrJnW7FyUiQUxYxkpX4iSYzwCA1IT1OOQiKddHJBBo+14sMgErq4ghP190SKQinHoac7Q6 SGct7Lxf+8XqKCSyelPE4U4Xj6UZAwqCKYxwF9KghWbKwJwoLqXSEeIoGw0qGVdAj2/MmLpF2v2We1+t15uXE1i6MIDsERqAAbXIAGuAVN0AIYPIJn8ArejCfjxXg3PqatBWM2sw/+wPj8ASVIlWc=</latexit>
W 1
<latexit sha1_base64="azuANDJMmvwa25/u+qg1pcUPIj8=">AAAB7HicbV BNS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cKpi20sWy2m3bpZhN2J0Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYMEmmGf dZIhPdCqnhUijuo0DJW6nmNA4lb4bD26nffOLaiEQ94CjlQUz7SkSCUbSS3+x6j+fdUtmtuDOQZeLlpAw56t3SV6eXsCzmCpmkxrQ9N8VgTDUKJvmk2MkMTykb0 j5vW6pozE0wnh07IadW6ZEo0bYUkpn6e2JMY2NGcWg7Y4oDs+hNxf+8dobRdTAWKs2QKzZfFGWSYEKmn5Oe0JyhHFlCmRb2VsIGVFOGNp+iDcFbfHmZNKoV76JSv b8s127yOApwDCdwBh5cQQ3uoA4+MBDwDK/w5ijnxXl3PuatK04+cwR/4Hz+APlijiI=</latexit>
W+1
<latexit sha1_base64="GqyomWq67+jZxJFG47M0aeqgfoQ=">AAAB7HicbVB NS8NAEJ34WetX1aOXxSIIQkmqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYZJMM+6zR Ca6FVLDpVDcR4GSt1LNaRxK3gyHt1O/+cS1EYl6wFHKg5j2lYgEo2glv9n1Hs+7pbJbcWcgy8TLSRly1Lulr04vYVnMFTJJjWl7borBmGoUTPJJsZMZnlI2pH3etlT RmJtgPDt2Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv957Qyj62AsVJohV2y+KMokwYRMPyc9oTlDObKEMi3srYQNqKYMbT5FG4K3+PIyaVQr3kWlen9Zrt3k cRTgGE7gDDy4ghrcQR18YCDgGV7hzVHOi/PufMxbV5x85gj+wPn8AfZajiA=</latexit>
W+2
<latexit sha1_base64="IrzMUadKBYtKQwuvspSLZG6CDZU=">AAAB7HicbVB NS8NAEJ34WetX1aOXxSIIQkmqoMeiF48VTFtoY9lsN+3SzSbsToRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MJXCoOt+Oyura+sbm4Wt4vbO7t5+6eCwYZJMM+6zR Ca6FVLDpVDcR4GSt1LNaRxK3gyHt1O/+cS1EYl6wFHKg5j2lYgEo2glv9mtPp53S2W34s5AlomXkzLkqHdLX51ewrKYK2SSGtP23BSDMdUomOSTYiczPKVsSPu8bam iMTfBeHbshJxapUeiRNtSSGbq74kxjY0ZxaHtjCkOzKI3Ff/z2hlG18FYqDRDrth8UZRJggmZfk56QnOGcmQJZVrYWwkbUE0Z2nyKNgRv8eVl0qhWvItK9f6yXLvJ 4yjAMZzAGXhwBTW4gzr4wEDAM7zCm6OcF+fd+Zi3rjj5zBH8gfP5A/fgjiE=</latexit>
W 2
<latexit sha1_base64="ocsfAm+UghmMXB6SttCPpEhhKpI=">AAAB7HicbVB NS8NAEJ34WetX1aOXxSJ4sSRV0GPRi8cKpi20sWy2m3bpZhN2J0Ip/Q1ePCji1R/kzX/jts1BWx8MPN6bYWZemEph0HW/nZXVtfWNzcJWcXtnd2+/dHDYMEmmGfdZ IhPdCqnhUijuo0DJW6nmNA4lb4bD26nffOLaiEQ94CjlQUz7SkSCUbSS3+xWH8+7pbJbcWcgy8TLSRly1Lulr04vYVnMFTJJjWl7borBmGoUTPJJsZMZnlI2pH3et lTRmJtgPDt2Qk6t0iNRom0pJDP198SYxsaM4tB2xhQHZtGbiv957Qyj62AsVJohV2y+KMokwYRMPyc9oTlDObKEMi3srYQNqKYMbT5FG4K3+PIyaVQr3kWlen9Zrt 3kcRTgGE7gDDy4ghrcQR18YCDgGV7hzVHOi/PufMxbV5x85gj+wPn8AfrojiM=</latexit>
c1
<latexit sha1_base64="bxLhQ885cIXIOA7SAduGcGiC4fY=">AAAB6nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n 1BpHstHM0nQj+hQ8pAzaqz0wPpev1xxq+4cZJV4OalAjka//NUbxCyNUBomqNZdz02Mn1FlOBM4LfVSjQllYzrErqWSRqj9bH7qlJxZZUDCWNmShszV3xMZjbSeRIHtjKgZ6WVvJv7ndVMTXvsZ l0lqULLFojAVxMRk9jcZcIXMiIkllClubyVsRBVlxqZTsiF4yy+vklat6l1Ua/eXlfpNHkcRTuAUzsGDK6jDHTSgCQyG8Ayv8OYI58V5dz4WrQUnnzmGP3A+fwDs8Y2P</latexit>
c2
<latexit sha1_base64="gxvawmigqvEzWrjqgYRso8ZdmLo=">AAAB6nicbVBNS8NAEJ3Ur1 q/qh69LBbBU0mqoMeiF48V7Qe0oWy2k3bpZhN2N0IJ/QlePCji1V/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n 1BpHstHM0nQj+hQ8pAzaqz0wPq1frniVt05yCrxclKBHI1++as3iFkaoTRMUK27npsYP6PKcCZwWuqlGhPKxnSIXUsljVD72fzUKTmzyoCEsbIlDZmrvycyGmk9iQLbGVEz0sveTPzP66YmvPYz LpPUoGSLRWEqiInJ7G8y4AqZERNLKFPc3krYiCrKjE2nZEPwll9eJa1a1buo1u4vK/WbPI4inMApnIMHV1CHO2hAExgM4Rle4c0Rzovz7nwsWgtOPnMMf+B8/gDudY2Q</latexit>
FIG. S2. a) The Wilson loop W (k1) is continuum when it goes across a Dirac point. W1, W2 and WDl(r) are Wilson line
operators. b) The winding number of θ1,2k changes from even(odd) to odd(even) when it goes across a Dirac point. The red
dashed line is the branch cut of the phase factor θ1,2k.
Now we study how the winding number of Wilson loop is related with the off-diagonal Berry connection/curvature
which defines the Euler class. To do this we need to know the eigenvalue of the Wilson loop operator. However, the
form of its eigenvalue depends on the winding numbers of θ1k and θ2k, i.e., n1, n2, along the path of that Wilson loop.
As we proved in previous paragraph, (n1 − n2) is an even integer and there will be two possibilities: 1) both of them
are even integers, or 2) both of them are odd integers. If we calculate the Abelian Wilson loop of one band (either of
the bands forming the Dirac node) around a Dirac point, the Berry phase must be ±pi. This means the loop integral
of both A11(k) or A22(k) around the Dirac point is either ±pi. From Eq. (S83) we know A11(k) = 12∂kθ1k. Thus the
winding number of θ1k around the Dirac point will be ±2pi. Because there is a nonzero winding of θ1k around the
Dirac point, there will be a branch cut, and the value of θ1 on two sides of the branch cut differs by ±2pi. Now we
consider two paths c1 and c2 shown in FIG. S2 (b) and the dashed line stands for the branch cut. Both c1 and c2 are
a large loop which go across the whole BZ. There is a branch cut between the points (k01 − δ, 2pi) and (k01 + δ, 2pi) ,
but there is no branch between (k01− δ, 0) and (k01 + δ, 0). Hence when δ → 0, we have θ1(k01− δ, 0) = θ1(k01 + δ, 0)
and θ1(k01 − δ, 2pi) = θ1(k01 + δ, 2pi) ± 2pi. Therefore, the winding number n1 changes by one when the path goes
across a Dirac point. Similar argument can also be applied to θ2, because A22(k) =
1
2∂kθ2k. In conclusion, n1 and
n2 changes from even (odd) to odd (even) when the path of the Wilson loop goes across a Dirac point.
The eigenvalue of the Wilson loops W (k1) can be calculated as shown. To obtain an expression without θ1,2k, we
do the following transformation u′k = u˜kgk, in which the transformation gk is given by
gk =
(
e
i
2 θ1k 0
0 e
i
2 θ2k
)
. (S88)
Then the Wilson loop W (k1) can be expressed by u
′
k as follows:
W (k1) = lim
δk→0
u˜†(k1, 0)u˜(k1, δk)u˜†(k1, δk)u˜(k1, 2δk)u˜†(k1, 2δk) · · · u˜†(k1, 2pi − δk)u˜(k1, 2pi)
= lim
δk→0
g(k1, 0)u
′†(k1, 0)u′(k1, δk)g†(k1, δk)g(k1, δk)u′†(k1, δk) · · ·u′(k1, 2pi)g†(k1, 2pi)
= g(k1, 0)W
′(k1)g†(k1, 2pi) . (S89)
When θ1k and θ2k wind even times, g(k1, 0) = g(k1, 2pi), the eigenvalues of W (k1) is the same as W
′(k1). If the
winding number is odd, then g(k1, 0) = −g(k1, 2pi), the eigenvalue of W (k1) is the same as −W ′(k1). It is hence
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important to know the expression of W ′(k1). From the expression of W ′(k1), we find that it can be written as
W ′(k1) = P exp
(
−i
∫ 2pi
0
dk2A
′
2(k1, k2)
)
, A′(k) = iu′†k ∂ku
′
k = gkA(k)g
†
k + igk∂kg
†
k , (S90)
where P stands for path ordering. We use Eqs. (S83) and (S88) to derive A′, and the result is A′(k) = −a(k)σ2.
Because σ2 always commute with itself, W
′(k1) can be expressed without the use of the path ordering:
W ′(k1) = exp
(
iσ2
∫ 2pi
0
dk2 a2(k1, k2)
)
. (S91)
By this equation we can get the eigenvalue of Wilson loop W (k1) as shown:
ξ(k1) =
{ ∫ 2pi
0
dk2 a2(k1, k2) mod 2pi θ1,2 wind even times,
pi +
∫ 2pi
0
dk2 a2(k1, k2) mod 2pi θ1,2 wind odd times.
(S92)
At first glance the Wilson loop spectrum is not a continuous function of k1. However, as we will see in the following
paragraph, the winding of a(k) around the Dirac point must be an odd integer, which means
∫ 2pi
0
dk2 a2(k1, k2) is not
continuous, and as a result we obtain a continuous eigenvalue ξ(k1). This statement can be proved as follows. By
using the transformation in Eq. (S89), the Wilson loop of the two bands around the Dirac point that they form can
be written as
WD = gki exp
(
iσ2
∮
dk · a(k)
)
g†kf , (S93)
In this equation the Wilson loop starts at point ki, and the it goes around the Dirac point and then ends at kf .
Actually ki and kf are at the same position in the momentum space but the matrix gk are different because of the
winding of θ1,2. As we proved in the text, the winding numbers of θ1k and θ2k around the Dirac point are ±2pi,
which means gki = −gkf . Also the non-Abelian Wilson loop is identity when the radius of the loop goes to zero
WD|D→0 = 1 , so the following equation holds:
exp
(
iσ2
∮
D
dk · a(k)
)
= −1 , (S94)
where D is the infinitesimal loop around a Dirac point. This means the winding of a(k) is an odd number times pi:∮
D
dk · a(k) = (2n+ 1)pi , n ∈ Z . (S95)
Now if a Dirac point is assumed to be located at (k01, k02), we find that the integral
∫ 2pi
0
dk2 a2(k1, k2) is not continuous
and it satisfies:
lim
δ→0
(∫ 2pi
0
dk2 a2(k01 + δ, k2)−
∫ 2pi
0
dk2 a2(k01 − δ, k2)
)
= lim
δ→0,D→0
(∫
c+1 +c
+
2 +c
+
3
dk · a(k)−
∫
c−1 +c
−
2 +c
−
3
dk · a(k)
)
,
(S96)
where the paths c±1,2,3 are defined in FIG. S3 (a). When δ → 0, we have
∫
c+1,3
dk ·a(k) = ∫
c−1,3
dk ·a(k). Therefore, Eq.
(S96) becomes the integral of a(k) along the path c+2 − c−2 , which is actually a loop around the Dirac point. This can
tell us that
∫ 2pi
0
dk2 a2(k1, k2) jumps by (2n+ 1)pi at k10 if a Dirac point is located at (k01, k02). Hence, the eigenvalue
of W (k1) is continuous, because
lim
δ→0
(ξ(k01 + δ)− ξ(k01 − δ)) = 0 mod 2pi . (S97)
That result is consistent with our argument shown in FIG. S2 (a). Now suppose there is no Dirac point between k1
and k′1, then by using Stokes’ theorem, the increment of ξ is given by the integral of fxy
ξ(k′1)− ξ(k1) =
∫
Ωk1,k′1
d2k fxy , (S98)
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where Ωk1,k′1 is a rectangle with points (k1, 0), (k1, 2pi), (k
′
1, 2pi) and (k
′
1, 0). If there is a Dirac point between k1 and
k′1 at k01, then we can apply Stokes’ theorem on both sides of Dirac point as shown in FIG. S3 (b), and we obtain
the following equations
ξ(k′1)− ξ(k01 + δ) =
∫
Ωk01+δ,k′1
d2k fxy , ξ(k01 − δ)− ξ(k1) =
∫
Ωk1,k01−δ
d2k fxy . (S99)
Because of the continuity of ξ(k1), we know that ξ(k01 + δ) = ξ(k01 − δ) when δ → 0. Then by adding the two
equations together, we have
ξ(k′1)− ξ(k1) =
∫
Ω′
k1,k
′
1
d2k fxy , (S100)
in which Ω′k1,k′1 stands for the same the rectangular region as Ωk1,k′1 , with Dirac points removed. This is consistent
with the definition of fxy, because it is well defined only when k is not on any Dirac points. Now we can write down
the Wilson loop winding number in terms of the integral of fxy:
e2 =
1
2pi
∫
BZ′
d2k fxy , (S101)
where BZ’ is the whole Brillouin zone with Dirac points removed from the integration area.
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a) b)
FIG. S3. a) The winding of a(k) around a Dirac point and it leads to a discontinuous
∫ 2pi
0
dk2 a2(kx, ky). b) The increment
of Wilson loop eigenvalue between k1 and k
′
1 is given by the integral of fxy in the rectangular region between k1 and k
′
1 with
Dirac points removed.
3. Fubini-Study metric of C2zT topology
The C2zT symmetry yields a constraint on the quantum geometric tensor. The quantum geometric tensor satisfies
the following equation:
Gij(k) = B(k)G
∗
ij(k)B
†(k) , (S102)
where B(k) is the sewing matrix of the C2zT symmetry. Similar to the Berry connection case, this equation gives
a constraint on the matrix elements of the quantum geometric tensor. It can be shown that Gij can only take the
following form:
Gij =
(
g11ij
(
γij +
1
2fij
)
e
i
2 (θ1−θ2)(
γij − 12fij
)
e
i
2 (θ2−θ1) g22ij
)
, (S103)
in which γij = g
12
ij e
i
2 (θ2−θ1) is a real symmetric tensor. By definition the Fubini-Study metric of the two flat bands
with spin ↑ and valley K in TBLG is given by gij = g11ij + g22ij . Similar to the Chern insulator case, if we choose
26
cx = (1, ie
i
2 (θ2−θ1))T, cy = (i,−e i2 (θ2−θ1))T, then Eq. (S52) can tell us∑
ij
c†iGijcj = g
11
xx + g
22
xx + g
11
yy + g
22
yy − 2fxy = tr g − 2fxy ≥ 0 , tr g ≥ 2fxy , (S104)
similarly, if we choose cx = (1,−ie i2 (θ2−θ1))T, cy = (i, e i2 (θ2−θ1))T, we will have tr g ≥ −2fxy. In conclusion, we have
tr g ≥ 2|fxy|. As we have shown in the last subsection, the integral of fxy gives us the C2zT winding number e2. We
hence find that the integral of metric is bounded by the winding number:
1
4pi
∫
BZ
d2k tr g(k) ≥ 1
2pi
∫
BZ′
d2k |fxy| ≥
∣∣∣∣∣ 12pi
∫
BZ′
d2k fxy
∣∣∣∣∣ = |e2| . (S105)
VI. SUPERCONDUCTIVITY IN TBLG
We now discuss the superconductivity in TBLG. The TBLG system has two spin and two valley quantum number.
Thus there are 8 flat bands in total. We denote the fermion annihilation operator by ψη,s,Q,a,k, where η stands for
graphene valley, s stands for electron spin, Q stands for the hexagonal lattice site in momentum space formed by
q1,2,3 vectors and a stands for graphene sublattice. The BM continuum model in Eq. (S78) is the Hamiltonian of
spin ↑ and valley K. To obtain the Hamiltonian of valley K ′, we can use the time reversal transformation T . The
fermion operators ψ transform as shown under T :
T ψη,s,Q,a,kT −1 = i(sy)ss′(τx)ηη′VQ,Q′ψv′,s′,Q′,a,−k , (S106)
in which si, τi and σi are Pauli matrices acting on spin, graphene valley and graphene sublattice indices, respectively.
The matrix V acting on Q index is defined by VQ,Q′ = δQ,−Q′ . Therefore the representation matrix of spinful time
reversal transformation in TBLG is UT = isyτxV .
By taking all the spin and valley into consideration, the kinetic energy H(k) and time reversal transformation
representation UT can be written as the following diagonal block matrices:
H(k) =
 hK↑(k) hK′↑(k) hK↓(k)
hK′↓(k)
 , UT = isyτxV =
 VV−V
−V
 , (S107)
in which the entries of this matrix stand for (K ↑), (K ′ ↑), (K ↓) and (K ′ ↓). Because there is no spin-orbit-
coupling in graphene, we have hK↑(k) = hK↓(k) = h(k), where h(k) is the BM continuum model in Eq. (S78), and
hK′↑(k) = hK′↓(k) = h′(k). Since the Hamiltonian H(k) is time reversal invariant, we have U†TH∗(−k)UT = H(k).
This condition tells us that h′(k) = V h∗(−k)V . Suppose the eigenvectors of h(k) are denoted by un(k), the flat
bands wave function will be
U˜k =
 u˜k V u˜∗−k u˜k
V u˜∗−k
 , (S108)
where u˜k = (u1(k), u2(k)) and u1,2(k) are the eigenvectors of h(k) which corresponds to the two flat bands.
We assume that the pairing order parameter has the form of Eq. (S29). This pairing order parameter means that
the pairing happens between electrons which has opposite spin, valley and momentum, because the time reversal
transformation UT = isyτxV can flip the spin and valley at the same time. Therefore, by using the result in Sec. III,
the superfluid weight of TBLG is given by Eq. (S46). However, since U˜k are the eigenvectors which corresponds to
the all 8 flat bands with all spins and valleys, we cannot directly use the lower bound of Fubini-Study metric of one
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spin one valley gij(k). In fact, integrand in Eq. (S46) is related with gij(k) as shown:
Tr
[
1
2
(
∂kiU˜
†
k∂kj U˜k + ∂kj U˜
†
k∂kiU˜k
)
+
(
U˜†k∂kiU˜kU˜
†
k∂kj U˜k
)]
=2Tr
[
1
2
(
∂ki u˜
†
k∂kj u˜k + ∂kj u˜
†
k∂ki u˜k
)
+
(
u˜†k∂ki u˜ku˜
†
k∂kj u˜k
)]
+ 2Tr
[
1
2
(
∂ki u˜
T
−k∂kj u˜
∗
−k + ∂kj u˜
T
−k∂ki u˜
∗
−k
)
+
(
u˜T−k∂ki u˜
∗
−ku˜
T
−k∂kj u˜
∗
−k
)]
=2gij(k) + 2g
∗
ij(−k) . (S109)
However, as we have mentioned, Fubini-Study metric defines a positive distance in the BZ, which means it must be
a real tensor, hence g∗ij(−k) = gij(k). Therefore we have
2
∫
d2k
(2pi)2
(
gij(k) + g
∗
ij(−k)
)
= 2
∫
d2k
(2pi)2
(gij(k) + gij(−k))
= 2
∫
d2k
(2pi)2
gij(k) + 2
∫
d2k
(2pi)2
gij(−k)
= 4
∫
d2k
(2pi)2
gij(k) . (S110)
Then by using Eq. (S105) the lower bound of this integral will be
tr
{∫
d2k
(2pi)2
Tr
[
1
2
(
∂kiU˜
†
k∂kj U˜k + ∂kj U˜
†
k∂kiU˜k
)
+
(
U˜†k∂kiU˜kU˜
†
k∂kj U˜k
)]}
≥ 4
pi
. (S111)
That naturally leads to the lower bound of the trace of the superfluid weight: trDs ≥ 8(∆1+∆2)pi
√
ν(1− ν). Here
we used the fact that the winding number of the flat bands in TBLG is one [26]. Due to C3z symmetry, Ds must
proportional to the identity, therefore we obtain Ds ≥ 4(∆1+∆2)pi
√
ν(1− ν).
VII. FINITE TEMPERATURE STUDY AND BEREZINSKII-KOSTERLITZ-THOULESS TRANSITION
As mentioned in the main text, we will assume ∆2 = 0. Before we estimate the actual value of topological lower
bound, we need to know the gap function ∆1 at zero temperature. As we discussed in the main text, the transition
temperature measured in experiment is the Berezinskii-Kosterlitz-Thouless temperature Tc, and it is different from
the mean field temperature T ∗c where Cooper pairing disappears. The condition of BKT transition is universal and it
is given by
Ds(Tc)
Tc
=
8
pi
, (S112)
where Ds(T ) is the superfluid weight at temperature T . When this transition happens, the superfluid weight jumps
from a finite value to zero, which is totally different from the situation in 3D. Hence the BKT transition temperature
is always lower Tc < T
∗
c . Now we use the mean field Hamiltonian to determine the ratio of BKT temperature and
mean field temperature. The free energy at finite temperature is given by the following equation:
Ω(T,q) = −T
∑
k,n
log
[
2 cosh
(
Ekn(q)
2T
)]
, (S113)
in which Ekn(q) are the positive eigenvalues of H˜k(q). Now we take the derivative of this free energy, and the
superfluid weight will be
1
V
∂2Ω(T,q)
∂qi∂qj
∣∣∣
q=0
= −1
2
∫
d2k
(2pi)2
∑
n
∂qiEkn(q)∂qjEkn(q)
2T cosh2
(
Ekn(q)
2T
) ∣∣∣∣∣
q=0
+ ∂qi∂qjEkn(q) tanh
(
Ekn(q)
2T
) ∣∣∣∣∣
q=0
 . (S114)
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In Sec. III we have shown that ∂qλkn(q)|q=0 = ∂qϕkn(q)|q=0 = 0, so all the first order derivative terms in Eq. (S114)
will disappear. Also in flat band limit, Enk(0) is independent with k and n under the pairing ansatz Eq. (S29), thus
the superfluid weight at finite temperature will become
[Ds]ij(T ) = −1
2
tanh
(√
(ε0 − µ)2 + ∆21
2T
)∑
n
∫
d2k
(2pi)2
∂qi∂qjEkn(q) , (S115)
and we find this result only differs by a hyperbolic tangent factor from the expression at zero temperature in Sec. III.
By using Eq. (S44), we can write down the expression of Ds at finite temperature. Since it is isotropic due to C3z
symmetry, the superfluid weight can be written as
Ds(T ) =
∆1(T )
2
2
√
(ε0 − µ)2 + ∆1(T )2
tanh
(√
(ε0 − µ)2 + ∆1(T )2
2T
)∫
d2k
(2pi)2
tr g(k) , (S116)
here ∆1(T ) is the gap function at temperature T , and g(k) is the Fubini-Study metric derived from all the flat
bands. For convenience we denote
√
(ε0 − µ)2 + ∆1(T ) by EB(T ). Notice that this expression depends on the
chemical potential µ instead of the filling ratio ν. The particle number is no longer simply given by the Bogoliubov
quasiparticle coefficient |vk|2 here because of thermal excitations. Because both the free fermion band and Bogoliubov
quasiparticle spectrum EB(T ) are momentum independent, the filling ratio of flat bands are given by
ν = 〈c†nk,K↑cnk,K↑〉 = |u|2〈γ†k,K↑γk,K↑〉+ |v|2〈γ−k,K′↓γ†−k,K′↓〉 , (S117)
here u2, v2 = 12
(
1± ε0−µEB(T )
)
are the coefficients of Bogoliubov transformation, c, c† are the electron operators and
γ, γ† are the Bogoliubov quasiparticle operators. When T 6= 0, the expectation value of Bogoliubov quasiparticle
number is given by Fermi-Dirac distribution, therefore we have 〈γ†k,K↑γk,K↑〉 = nF (EB(T )) and 〈γ−k,K′↓γ†−k,K′↓〉 =
1 + nF (EB(T )). Hence the filling ratio will be
ν = v2 + nF (EB(T )) =
1
2
(
1− ε0 − µ
EB(T )
)
+
1
eβEB(T ) + 1
. (S118)
If the temperature T , the order parameter ∆1(T ) and the filling ratio ν are given, the chemical potential and further
the Bogoliubov energy EB(T ) can be solved from Eq. (S118). Finally we are able to use Eq. (S116) to obtain the
superfluid weight with given temperature T and filling ratio ν.
To determine the relationship between BKT temperature and mean field temperature, we have to know the value
of Ds(T ). Here we use flat bands of TBLG as an example. For simplicity, we use the lower bound of the metric to
estimate its integral:
∫
d2k
(2pi)2 tr g ≈ 4pi . Hence the superfluid weight becomes
Ds(T ) ≈ 2∆
2
1(T )
pi
√
(ε0 − µ)2 + ∆21(T )
tanh
(√
(ε0 − µ)2 + ∆21(T )
2T
)
, (S119)
in which the chemical potential is related with filling ratio ν by Eq. (S118). Since it is an order of magnitude
estimation here, we can simply use the BCS mean field result ∆1(T ) ≈ ∆1(0)
(
1− 2T∆1(0)
)1/2
to determine the
temperature dependent superconducting gap. Then we can numerically evaluate the value of Eq. (S119), and the
result is shown in FIG. 1 when ν = 1/4. The intersection of the solid line and the dotted line is the KT transition
point, which satisfies Eq. (S112). We find that when ν = 1/4, the transition temperature is Tc ≈ 0.34T ∗c ≈ 0.17∆1(0).
Here we were using the lower bound of superfluid weight, which means the ratio Tc/T
∗
c is under estimated.
VIII. THE VALIDITY OF BCS WAVE FUNCTION IN THE FLAT BAND LIMIT
By using Hund’s rule we argue that the BCS mean field ground state is a good approximation of the real ground
state. This argument was also applied in the spin Chern number case [1] and originally this idea comes from quantum
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Hall ferromagnet [78]. The BCS wave function can be written as
|BCS〉 =
∏
k,n
(√
1− ν +√νc†K↑,knc†K′↓,−kn
)(√
1− ν +√νc†K′↑,knc†K↓,−kn
)
|0〉 , (S120)
in which n is the flat band index. This wave function is equivalent to the following form:
|BCS〉 =
∏
k,n
(√
1− νcK′↓,−kn +
√
νc†K↑,kn
)(√
1− νcK↓,−kn +
√
νc†K′↑,kn
)
c†K′↓,−knc
†
K↓,−kn|0〉 , (S121)
If we perform the following particle-hole transformation: c†↓,k → c↓,−k. That transformation changes the attractive
interaction into repulsive. Originally, the interaction between electrons with opposite spins is attractive. After the
transformation, it becomes an attractive interaction between spin up electrons and spin down holes, which is equivalent
to a repulsive interaction between electrons with opposite spin. In order to show this clearly, we use the following toy
model Hamiltonian
Hint =
∑
v,n,k,k′,q
g(q)c†v,↑,n,k+qc
†
v¯,↓,n,k′−qcv¯,↓,n,k′cv,↑,n,k , (S122)
where g(q) is the Fourier transformation of an attractive potential, and v stand for valley, and v¯ is the opposite valley
of v. After this particle-hole transformation, the toy model Hamiltonian becomes the following form:
Hint → −
∑
v,n,k,k′,q
g(q)c†v,↑,n,k+qc
†
v¯,↓,n,−k′cv¯,↓,n,−k′+qcv,↑,n,k . (S123)
We notice that the sign of g(q) is flipped, which means a repulsive interaction. However, by switching the creation
and annihilation operators, the vacuum state is also changed:
∏
k,n c
†
K′↓,−knc
†
K↓,−kn|0〉 → |0〉. Therefore, under this
particle-hole transformation, the BCS wave function becomes
|BCS〉 →
∏
k,n
(√
1− νc†K′↓,kn +
√
νc†K↑,kn
)(√
1− νc†K↓,kn +
√
νc†K′↑,kn
)
|0〉 . (S124)
If we use (K ↑) and (K ′ ↓) or (K ↓) and (K ′ ↑) to form a pseudo spin 12 space, then |BCS〉 transforms into
a ferromagnetic state of the pseudo spin. Since the ferromagnetic state is symmetric in the pseudo spin space, its
orbital wave function is totally antisymmetric. Therefore, this ferromagnetic state is energetically favored by repulsive
interaction, and we conclude that BCS wave function can be a good approximation to the ground state.
